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INTRODUCTION

Complex number are an extension of the real
numbers designed to solve equations that
have no solutions within the realm of real
numbers. The history of mathematics shows
that man has been developing and enlarging
his concept of number according to the
saying that “Necessity is the mother of
invention”. In the remote past they started
with the set of counting numbers and
invented, by stages, the negative numbers,
rational numbers, irrational numbers etc.
Since square of a positive as well as negative
number is a positive number, the square root
of a negative numbers does not exist in the
realm of real numbers. Therefore, square
roots of negative numbers were given no
attention for centuries together. However,
recently properties of numbers involving
square roots of negative numbers have also
been discussed in detail and such numbers
have been found useful and have been
applied in many branches of pure, applied,
financial and computational mathematics.

Complex numbers
The number of the form x+iy, where

x,ye Rand i= J=1, is called a complex

number. x is called real part and y is called
imaginary part of complex number.

For 2+4i,3+\/§i,8i etc. are

complex numbers. The complex number
x+iy, usually denotes the ordered pair

(x,y) Le., z :(x,y) =x+iy

example

Every real number is a complex number
with 0 as its imaginary part.

Conjugate of a complex number

For a complex number z= x+ iy, the complex

number z =x+iy=x—iy, is called conjugate
of z. Here z and Z have same real part but their
imaginary parts differ in sign, so z and z are
called conjugate of each other. Thus
5+ 4i and 5 — 4i are conjugate complex numbers.

Note: If z=7Zz, then z is called self-
conjugate.
for ae R,a=a

= every real number is self-conjugate.

Powers of i

and so on. Powers of i should be expressed
in terms of powers of i°.

Operations on Complex Numbers

If a,b,c,d,ke R, then

(i) Addition:
(a+ib)+(c+id)=(a+c)+i(b+d)
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(i) Scalar multiplication: k(a+ib)=ka+ikb
(iii)  Subtraction: (a+ib)—(c+id)
=a+ib—c—id

:(a—c)+i(b—d)

(iv)  Multiplication:

(a+ib)(c+id)

= ac+iad +ibc +i’bd

1)bd
:(ac—bd)+i(ad+bc)

) a+ib=a+ibxc—id
c+id c+id c—id
_ac—iad+ibc—i’bd

- A—(id)

3 ac—iad +ibc—(—1)bd

B

_ac—iad +ibc+ bd

- +d’

3 (ac+bd)+i(bc—ad)

B c+d’

_ac+bd . bc—ad

A+ d? lc2+d2

Complex numbers as ordered pairs

of real numbers

We can define complex numbers also by
using ordered pairs.

Let C be the set of ordered pairs belonging to
RxIR, which are subject to the following
properties.

=ac+iad+ibc+(—

Division:

>i) (a,b)z(c,d)@a:C/\bzd

() (ab)+(c.d)=(a+c,b+d)

(i) (a,b)(c a’) ( ac—bd ad+bc)

@) (ab)—(c.d)=(a—c.b—d)
a,b ac+bd bc—ad

®) Ec,d; ( v d +d2)

vi) & a,b)z(ka,kb)

©
) ~
Iy
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Example 1: Find the sum, difference
and product of the complex numbers

(8,9) and (5, —6). 11301001
Solution:

Sum =(8+59 6)=(13 3)
Difference —(8 5,9— ) 3, 15
Product = [8 —6),8(—6)+9: 5]

= (40+ 54,—48+ 45)
=(94,-3)
Properties of the Fundamental

Operations on Complex Numbers

It can be easily verified that the set C
satisfies all the field axioms i.e., it possesses
the properties of real numbers.

(i) The additive identity in C'is (0,0).

(i) Every complex number (a,b) has the
additive inverse (—a,—b)i.e.,
(a,b)+(—a,—b)=(0,0)

(iii) The multiplicative
(1,0)ie.,

(a,b)~ (1,0) = (a- 1-5-0,b-1+a- 0) = (a,b)
(1.0)-(ab)

Every non-zero complex number
number not equal to (0,0)}has a

identify  is

(iv)
{i.e.,
multiplicative inverse.

The multiplicative inverse of (a,b)is

)
a+b @+ b

a -b
b —
(a, )(az +b02 d+ b J

(1,0) the identity element.

b )(a,b)

3 a
a+b a*+ b
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) (ab)[(e.d)x(e.f)]=(ab)(e.d)=(ab)(e./)

The set C of complex number does not
satisfy the order axioms. In fact, there is no
sense in saying that one complex number is
greater or less than the other.

Example 2: If z =(4,2)and z, =(3,-1),

then find a2 .

11301002
Z
Solution: Given z =(4,2),z, =(3,-1)
Now, i (4’2) = 22
7, (3-1) 3-i

Multiply the numerator and denominator by
the complex conjugate of z, =3—i.

z 4+ 2i

z, 3-—i
_4+2i 3+i
3—i  3+i

_(4)B)+()(@)+(20)(3) +(24)(7)
(3) (1)

12+4i+6i+2i°
9—i?
12+410i-2
=———= vite~]
9-(-1)
_10+10i
10
=1+i

Thus, —-=1+i
2

Argand diagram:

There is one to one correspondence between
the set of complex numbers and the set of
points in plane. i.e. to each complex number
there is and ordered pair in the plane and vice
versa. In the view of this correspondence xy-
plane is called the complex plane. The x-axis
is called real axis, the y-axis is called the
imaginary axis. The coordinate plane itself is

( MATHEMATICS - 11

called the complex plane or z-plane. The
figure representing one or more complex
numbers on the complex plane is called
Argand diagram. In an argand diagram the
complex number x+iy is uniquely expressed

by the ordered pair (x,y).
Modulus of Complex number:
For a complex number z=x+iy, the real

number /x*+ )" is called modulus of the
complex number z and we write
|z|=+/x"+ )" . Graphically it represents the

distance of the point representing the complex
number from origin as shown in the figure.

4y

Vy

(1+2i)

-1

Example 3: If z= then evaluate

HE 11301003
Solution:

(1+2i)°

2—i

C1+4i+48°

S 2—i

_1+4i+4(-1)

o 2—i
_1+4i-4
2
-3+4i
2—i

2+1i
x_
2+i
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_ —6-3i+8i+4i’
2P
_—6+5i—4

_ —10+5i

5
= z=-2+i
Taking conjugate
T=-2+i=-2-i

CREN
[2]=(=2) +(-1)
Z|=V4+1
= |E|=\/§

EXERCISE 1.1

Q.1 Find the multiplicative inverse
of each of the following complex
numbers. 11301004

(i) (—4,7)

Solution:

If z=(a,b)then:

=
a+b a’+ b

Let z:(—4,7), then

I 7
(—4) +7(-4)" + 7

L (4 7

° T 16+49’16+49)
L (-4 -7

° E’Ej

(i) (V2.-5)

Solution:
If z=(a,b)then:

Y
a?+b> a*+ b

( MATHEMATICS - 11

(iii) (1,0)
Solution:
If z= (a,b)then

R
a’+b> a*+b*

Let z= (1,0) , then

= 1 0
(1) +(0) (1) +(0)°
S Oj
z =|=,=
Ll
2_12(1,0)
Q.2 Separate into real and

imaginary parts (write as a simple
complex number). 11301005
o 2-Ti
i
® 4+5i
Solution:
2-7i _2-7i 4-5i
4+5i 4+5i 4-5i
~ 8-10i—28i+35/
4 —(5i)
_ 8-38i+35(-1)
o 16-251
_ 8-38i-35
16-25(-1)




& (2 0‘7’\
2 =5

—27-38i o 1
= - (i) —
16+25 1+i
_ —27-38i Solution:
4] i _ i Xl—i
27 38 140 140 1-i
41 41 _ =7
T2 22
= Real part = _z 1 !
4138 =1—(—1)
imaginary part = ] 1- (_1)
o (—2+3i) i
(ii) T I+l
+1i -
1+1
Solution: -5
(-2+3i) _4-12i+9 1L
1+i 1+i RN
4-12i+9(-1) 1
n =y So, Real part =—
1+ 2
4-12i-9 \ . 1
:T 1maginary part :5
_=5-12i ) (4+3i)2
1+i ‘ ' 4—3;j
_ s 78 \wi Solution:
1+i 1-i A2
4+3i)  16+24i+9°
5+ 5i—12i+127° T slian
= N 4-3i 4-3i
: 51) 1—21( ) _16+24i+9(-1)
_=5=Ti+12(= 4-3i
o 1=(-) 16+24i-9
_=5-7i-12 4-3i
- 1+1 _ 7+ 24i
_—17-7i 4-3i
T 9 =7+24ix4+3i
:_?_5 =28+21i+96i+72i2
2 N\ 2
= Real part =—1—7 (4) _(31)
2 28+117i+72(-1)
imaginary part =—% - 16-9(-1)
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_28+117i-72
16+9
444117
25
44 117
=t —
25 25

So, Real part = _44
25
imaginary part —m
gimary p 25

Q.3 Prove that z =z iff z is real.
11301006

Solution:
Let z=x+iy (1)
Then z =x—iy ...(11)

Where x,ye R

Suppose that:z =z

=x—iy=x+iy

=>x—iy—x—iy=0

=2iy=0

=y=0 w—2#%0,i%0

Putting y=0in (i), we get

z=x+i0=x€ Rie. z isreal

Conversely suppose that z is real, then
imaginary partof z=0=y=0
Putting y =0 in (i) and (ii), we get
z=x+i0=x+0=x
z=x—-i0=x-0=x

=z=zZ

Thus z = ziff z is real.

Q.4 For ze C, show that:

(i) Z;Z = Re(z)

Solution:

vze C

o Let z=x+iythen

11301007

z =x—iy, where x,ye R and i=+/-1
Now L.H.S.
_z+z

2

~

%
]

oN

EYL

N,
SNO\

<
D
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_x+iy+(x—iy)

2
_xtiytx—iy
R
_2x
2

=X= Re(z) =R.H.S

Hence proved.
ez

(i) T Im(z)
Solution:

wze C

- Let z=x+iy then Z = x—iy, where
x,y€ R and i= J=1

Now, L.H.S

3

W

( x+iy—(x—iy)

4 2i
_xtiy—x+iy
2

_ 2y

2
=y=Im(z)=RH.S

Hence proved.

(i) |z = 27

Solution:

ze C

Letz = x+iythenz = x—iy ,where
and i = \/—_1
Now R.H.S
=x*—(iy)’
2 i2y2
=x"—(-1)y’

:x2+y2

x,ye R

=zz =(x+iy)(x—iy)
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=(JF+ ) =l =rHS

Hence proved.

Q5 If z,=2+i,2z,=3-2i,z,=1+3i then

Z.Z, . .
express ——in form of a+ib.

Z

Solution:
ZZ, (E ).(1+3i )

zZ, 3-2i
_(2-0)(1-3)
o 3-2i
_2-6i—i+3i’
T 3-2i
_2—7i+3(—1)
T 3-2i
_2-7i-3
C3-2i
—1-7i
O 3-2i
_-1-7i 3+2i

3-2i  3+2i

_ —3-2{-21i-14i°

(3) ~(2i)°
_ -3-23i-14(=1)
- 9— 4
_ —3-23i+14
T 9-4(-1)
C11-23
© 9+4
_n 23,

= i
13 13

So, Real part = 1
13

. : 23
imaginary part = T

11301008
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Q6 If z=2+7iand z,=-5+3i, then
evaluate the following: 11301009
(>i) |ZZ1 —422|
Solution:
|22, - 4z,| =[2(2+7i) - 4(~5+3i)|
=|4+14i +20—12i|
=[24+2i|

ey =2y
576+ 4
J580
Jax145
=2.145

(i) 3z, + 22

Solution:

[32,+ 22| =[3(2+7i) +2(2+7)
=3(2+7i)+2(2-7i)
=|6+21i+4—14i|
=[10+7i]
= J(10)"+ (7
_ 00+ 49

=149

(iii) |72, + 2z,

Solution:

|72, + 22, =|-7(=5+ 3i) + 2 =53
= |-7(=5+3i)+2(-5-3i)
=[35-21i-10-6i
=[25-27i|



=+/1354
(iv)|(z+2)
Solution:
‘(zl+22)3 = 2+7i—5+3i)3‘

=[(10i)’ ~(3)"~ 3(101)(3)(10i- 3)
= [1000#* ~27-90i(10i - 3)|

= [10007”- i -27-900i" + 2704
=[1000(~1).i~27-900(~1)+270i
=[~1000i - 27+ 900+ 270i|
=[873-730]

= (873) +(~730)
= 762129+ 532900
= 1295029
=109/109

Q7 ShOW that: i”” _|_l'"+2 +l-n+3 _I_Z-n+4 —i,
for all =V, 11301010

Solution:
To show that:

-n+2

l-rl+l +i +l~n+3 +l-n+4 — 0
L.H.S:

n+1
:ln

+l-n+2 +l~n+3 +l~n+4

= {"i+i"P i+

=i"i+i" P+ i+ ()
=i"i+i"(=1)+i"(-1)i+i".(-1)
Because i* =-1

=i"i—i"-i"i+i"=0

( MATHEMATICS - 11

=R.H.S

Hence proved.

Q.8 Find the least positive value of n,

. N\2n
if: (EJ -1
1

Solution:
Given that:

1—i
1+i 1+i )"
LR N
1—-i 1+

{(Hi)zzn )

11301011

1

, B

{1+i2+2i_

1=(-1) |

1+(—1)+2i_2n =
1+1 N

J
{1—1+2i_2"_1
2

.T12n
HE
2
[ =1
i =1
l-2n:l-4

by comparing, we have

2n=4
4

n=—
2

n=2
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2

So, the least positive value of n is 2.

Q.9 Show that, the value of ;" for ne N
and » >4 is i",where r is the remainder
when 7 is divided by 4. 11301012
Solution:

Let n =4k + r ,where k is positive integer and
r 1s the remainder when # is divisible by 4.

Now,

Z-n — Z4k+r

2k 1s even.

Hence proved.

Equality of two complex

numbers
The two complex numbers z, =a+ib and
z, =c+idare said to be equal iff their real
and 1imaginary parts are equal. i.e.
a+ib=c+id==a=candb=d .

Example 4: If (3+2i)(x+iy)=5+12i,
where x,ye R, then find the values of
x and y.

Solution:
Given that:

(3+42i)(x+iy)=5+12i
= 3x+3iy+2ix+2yi° =5+12i
= (3x—2y)+(2x+3y)i=5+12i
Comparing real and imaginary parts, we have
3x-2y=5 ...(1)
2x+3y=12 ...(11)
Multiplying equation (i) by 3 and equation
(11) by 2, we have
9x-6y=15
4x+6y=24

11301013

AN

U
<
[
Yz
S
S
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Add the equations, we have
Ox—6y+4x+6y=15+24
13x=39
x=3
Substitute x = 3in equation (i), we have
9(3)-6y=15
—6y=-12
y=2
Thus, x=3,y=2
Square root of a complex number
The square root of a complex number is
another complex number that, when squared,

gives the original complex number.
Let w= p+igis the square root of the

complex number  z=x+iy, where

P-9,X Ve R then Wz,\/;
Squaring both sides, we get
W2 =z

. \2 i
:>(P+lq) =x+iy
:>P2+(iq)2+2ipq:x+iy
= p’+i’q’ +2ipg = x+1iy
:>p2+(—1)q2+2z'pq:x+l'y

= p’—q’ +2ipg = x+iy
Comparing the real and imaginary parts,we
get

p—q’=x (1)

2pg=y (ii)

(a+b) ( — )+4ab

(P Ha) =) +ar'd

=(p*~¢*) +4p°¢’

=(p"-¢") +(2pq)’ ="+’
[by using (i) and (i1)]

=p’+q° :«/x2+y2 ...(iii)

Adding (i) and (iii), we get
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=4

z

9-

p-q=x
p2+q2= ’x2+y2
2p2:x+«/x2+y2

L xHaX 4y’

2
P 2

, XY 4
p=—————70""

2
Putting this value of p” in (iii), we get
2 2
+y2 +
X 2y x+q2:/x2+y2
2 2
+y° +

g = /x2+yz _%

2_2\/x2+y2—\/x2+y2—x
7= 2

, X+ —x
2
2

q:

Thus, p* = a 5 and ¢° = .
2 2
E— wfx +2y +x:i |z|;x .
. «/x2+y2—x_+ |Z|—x
TN T N2

From eq. (i1), i.e. 2pg =y, we have
®

y >0, if both p and q have same signs.

(i) y<0, if both p and q have opposite
signs.
(iii) y =0, if both p and q are zero.

Thus, \/_zw/eriy =w=p+iq

—t |Z|+x+il |Z|—x
2 IV 2

Example 5: Find the square root of
complex number 5+12i and also

e
Z
e)

T &
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represent in the square roots on an
Argand diagram. 11301014
Solution: Let x+ yi=5+12i

=x=5and y=12>0

|2| =[5+12i|
|7 =52 +12%,
|z|=13

Applying the square root formula for
complex numbers, we get

13+5 i12 [13-5

J5+12i =+ e

o ( MV J
i(\/§+z\/2)

+(3+2i)
Thus, the square root of the complex number

5+12iare 3+2i and —3-2iare shown in
adjacent figure.

31
44,

EXERCISE 1.2

Q.1 Find the value of x and y in each
of the following: 11301015
(@) x+iy+2-3i=i(5-i)(3+4)
Solution:

Given that: x+iy+2—3i:i(5—i)(3+4i)

= x+2+iy—3i =i(15+20i-3i— 4i°)

= (x+2)+i(y—3)=i{15+17i-4(-1)}




= (x+2)+i(y-3)=i(15+17i+4)
= (x+2)+i(y-3)=i(19+17i)
=(x+2)+i(y-3)=19i+17
=(x+2)+i(y-3)=19i+17(-1)

= (x+2)+i(y—3)=—17+19i

Comparing the real and imaginary parts, we
get:

x+2=-17 ...(Q)

y=3=19 ...(i1)

From eq. (i), we have

x+2=-17

=>x=-17-2
=>x=-19
Now, from eq. (ii), we have
y—3=19
=y=19+3
=>y=22
Thus, x=-19and y = 22
3i

(i) (x+fy)(l—i)=<2—3")<‘5+5")(‘§j

Solution:
Given that:

(x+iy)(1—i):(2—3i)(—5+5i)[—%j
:>x_ix+iy_i2y=(—10+10i+15i—15i2)(—%)
:>x—iX+l)’—(_1)y:(_10+25i_15(_1))(_%j

:>x—ix+iy+y:(—10+25i+15)(—%j

:>(x+y)+i(y—x)
:>(x+y)+i(y—x):—3l—1512
:(x+y)+i(y—x):—3l—15(—1)
:>(x+y)+i(y—x):15—3i

( MATHEMATICS - 11

Comparing the real and imaginary parts, we
get:
xX+y= 15...(i)

y—x:—3...(ii)
Adding (1) and (ii), we get
2y=12
Lot
2
=y=06
Putting y =6 in (1), we get
x+6=15
=>x=15-6

=>x=9
Thus, x=9 and y=6

(i) ——+ =2 = 4+5i
2+i 3—i
Solution:

Given that:

X v Y 4y

2+i 3—i

— i’ ><2_l+ 4 ><3+l=4+5i
241 2—i 3-i

3+i
x(2—i) y(3+i) ,
= g + 77 =4+ 5i
2x—ix 3y+iy 445

T4 (1) 9—(-1)

e 2x—lx+3y+zy 445

4+1 9+1
2x—lx+ 3y+iy 445
5 10
N 4x—12);;)|-3y+1y 445

:4x—i2x+3y+iy:10(4+5i)
= 4x—-i2x+3y+iy=40+50i
:>(4x+3y)+iy—i2x:40+50i
:>(4x+3y)+i(y—2x):40+50i
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Comparing the real and imaginary parts, we get:
4x+3y=40..(i)
y—2x= 50...(ii)

From (ii), we get y =50+ 2x...(iii)

Using (iii) in (1), we get

4x+3(50+2x)=40

= 4x+150+6x=40
= 4x+6x=40-150

—10x=-110
110
T 10

=x=-11

Putting x =—111n (iii), we get
y=50+2(—11)=50—22:28
Thus, x=—-11and y=28
Q.2 Ifz
the values of x and y
z,—z,=-27+15i.
Solution:

Given that:

z,=—13+24iand z, = x+iy
—z,=-27+15i

= (—13+24i)—(x+ip)=—-27+15i
=-13+24i—x—iy=-27+15i
=-13-x+24i—iy=-27+15i
=(—13—-x)+i(24-y)=-27+15i

Comparing the real and imaginary parts, we

—13+24iand z, = x+iy, find
such that
11301016

Z

get:

-13-x=-27 ...(1)

24—y=15 ...(11)

From eq. (i), we have
—13-x=-27
=-x=-27+13
=>-x=-14
=>x=14

c

ZoNIQ R
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Q

Now, from eq. (ii), we have
24—y=15

=-y=15-24

=-y=-9

=y=9

Thus, x=14 and y=9

Q.3 Find the real values of x and y if:
11301017

() (x+iy) =25+60i

Solution:
Given that:

(x+iy)2 =25+ 60i

= x+iy=+25+60i ..(i)

Let z=a+ib=25+60i , then
Jat +b*
(25)" +(60)
= 625+ 3600
= /4225 =65

b |ld-a

Now,«/z i£4}|z|¥+zm 2
65+ 25 60 [65-25
25+60i =%| ,|—+i—,|————
N (/ 2, 8 [
2 60\ 2

:i(\/EH\/E)

=i(3J§+i2J§)
=+3J5+i245

. Equation (1) becomes

xX+iy= i3\/§i i2\/§
By comparing, we have

:>x:i3\/§,y:ir2\/§

2| =

|
|
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(ii) (x+iv)’ =64+48i
Solution:
Given that (x+iy)" = 64+48i

= x+iy=+/64+48i (1)

Let z=a+ib=64+48i,then

|z|:\/az+b2 ., -7 9
(x+iy) =—+—I
= (64 + (48) 1010

+iy==0.7+0.9i
2| = /4096 + 2304 i~ ’

|Z|=~/6400=80 x+iy=~+-0.7+0.9/ ...(1)
Let z=a+ib=-0.7+0.9i then
JiZ2l+a b |ylz-a
How \/;_i[ Tﬂm 2 |z|:\/m

2 2
- ([oreE, s oo |FImVEoni#(09)
o [T )
E+iﬁ\/E |Z|:\/B
,/2 48\ 2 |2| =1.1402
(\/7—2+i\/§)

J;:i( lla it [l2=a J
=+(6v2+i242) 2 |pV 2

163+ 1.1402+(=0.7) i(09) [1.1402-(-0.7)
.. Equation (i) becomes 2 |0.9] 2

X+iy= i6x/§i i2\/5
By comparing, we have

I
I+

Il
I+

Il
HF

_J{ [[1402=07 i(0.9) [11402+0.7 ]
= x=46:2,y =422 ) 2 0.9 2
v 23
(i) (x + ) = i 0.7+0.9i=4_r[\/0'4302 H,\/I.S;lon
Solution:
Given that: J0.7+0.9i = i(Jo.zzol + zx/o.9201)
(x+iy) = 23’ =3 J0.750.9i =+(0.469+0.959%)
21.“3 i J0.750.9i = +0.469+ i0.959

. \2 - -
(x+iv) = 347 3-; Equation (i) become:
(x4 )2_61-_2,-2_9+3l- X+ iy =+0.469% i0.959
V)T T — x = +0.469, y = +0.959
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Q4 Ifz =2+3iandz,=1-«, find the
value of o such thatIm(zz,)=7. 11301018

I~
>
E3

Solution:
Given that

zy=2+3iand z,=1-«
Im(z,z,)="7...(0)
Putting value in equation, we have
= Im[(2+3i)(1-a)]=7

= Im[2 20 + 31—3a1] 7

= Im[(2-2a)+i(3-3a)]=7

=3-3a=7
=-3a=7-3
= 3a=4

4
Sa=—
-3

4
Sa=——

3
Q.5

If z =x+iy and z, =a+ib, find
x,y,a and b such that z +z, =10+4i

and z, —z, =6+2i. 11301019
Solution:
Given that:

zy=x+iy , z,=a+ib

z,+2z,=10+4i.. ( ) and
—z,=6+2i ..(ii)

Adding (1) and (i1), we get
z,+2z,=10+4i

Zy

z,—z,=6+2i
2z, =16+6i
_16+6i

2
2(8+3i)

=2z =

8+3i
=>x+iy=8+3i

=z =

c

ZoNIQ R
PP

/|
2\

©
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<
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W,

| 2
" &
Sno\Y

o
»

Comparing the real and imaginary parts, we get:
x=8,y=3
Subtracting (ii) and (i), we get
z,+2z,=10+4i
_z,¥z,=16%2i

2z, =4+2i
4+2i
=z,=
2
2(2+i
L. 2
2
=z, =2+i

=a+ib=2+1.
Comparing the real and imaginary parts, we get
a=2,b=1
Q.6 Show that Vz,.z,e C,z,-z,=z,z, .
11301020

Solution:
Let z, =a+iband z, =c+id

LHS =z-z,=(a+ib)(c+id)

= ac+iad +ibc +i’bd

= ac+iad+ibc+(—1)bd

bd
=ac—bd +iad + ibc
=(ac—bd)+i(ad+bc)
=(ac—bd)—i(ad+ bc) (1)
RHS=z-z,=a+ib-c+id
(a—ib)(c—id)
= ac—iad — ibc +i’bd

= ac—iad—ibc+(—1)bd

= ac—iad —ibc — bd
—(ac—bd)~i(ad+bc) .(ii)
Thus, from (i) and (i1), we get

= ac+iad +ibc—

Z"Zy, =2 Z,

Hence proved.



Q.7 Find the square root of the|Now,

following complex numbers: 11301021 | /z = Jx+iy
(i) —7-24i

Solution: _t /|Z|+x+l~ |Z|
Let |y|

z=x+iy=-T7-24i

= x=—T,y=-24 o 80 Mj

1
zZ| = x2+y2 |_6|
ERY

el =(=7) +(-24) 3 \F \U
A= 49+576 -
=+(Jo-il}
|2|= V625 = 25 =+(3-1)
Now, i 8=6i =3—i,~(3~i)

J8—6i=3-i,3+i
—+ /Mjﬂl |2|-x (i) — 15— 36i
2 MV 2 Solution:

Let z=x+iy=—-15-36i
25+(-7) 24 25—(—7)] 15,y =36

1
=24
| | |Z|: /x2+y2

_) \/T 24 [2547 ] = =15y +(36)

F \/5 |2|= /225 +1296
=4 [J——i =
l ] |z|= V1521 =39
Now,
+(5 - i6) e

=+(3-4i)

=3-4i or —(3-4i) =t \/|Z|+x+i| |\/|Z| J
N=1-24i=3-4i or -3+4i g
(ii) 867 39+(—15) =36 [39-(-15)
Solution: =+ +i v
Let z=x+iy=8-6i=>x=8,y=-6 |_ |

|z|=x*+)°

/39 15, -36 /39+15j
2| =y/(8)" +(-6)"
2| = /64536 24 ﬁ]
|z2|=100=10 \/; \/;

Il
H

Il
I+
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=+(V12-iV27) |z| = /169+1200

:i(2J§—i3J§) |Z|:\/(13)2+(_20J§)2 |2| = /1369 =37
=23-i3J3,-(243-3\3) Now,z =[x +iy

J=15-36i =243 - 133,243 +3\3 ., /|z|+x . |z|

(iv) 119 +120i T +l|y|

Solution:

I
I+

Letz=x+iy=119+120i /37+13 2043 f37 13
—x=119,y=120 | 20[\

|z =X+’ \P+.—2of _]
2 2

=% I
12| = {(119) +(120)’ 2073
2| = 4161+ 14400 = +(\25-iV12)
|| = 28561 =169 = +(5=i2y3)
Now, Argand Diagram:
Jz= JxX+iy 6Ty
—5+2131i
\/|Z|+x X \/|Z|—)€ J;El 47T
=z 2/
2 PV 2 2+

Il
I+

l69+119 120 [169-119 T >
2 20V 2 el

[ ]
. /28 120 \/70 J 4t ol
12012 ,
_6--y
:i( Vi44 +i\/g) Q.9 Find the real values of x and y if:
=+(12+5i) (=7+i)(x+iv)+(-1-5i)=i(11-i). 11301023
=12+5i,—(12+5i) Solution:
Gi that:
JI9+120i =12+ 5i,-125i tven B

(=7+i)(x+iy)+ (-1-5i)=i(11-i)

Q.8 Find the square root of , s
=-TIx-Tiy+ix+i"y—-1-5i=11i—i

13-204/3i and represent it on an

Argand diagram. nsor0zz | = ~7x=Tiy+ix+(=1)y—1-5i=11i—(~1)
Solution: = -Tx—Tiy+ix—y—1-5i=11i+1
Letz=x+iy:13—20\/§i =-"Tx—y-1+ix-Tiy-5i=1li+1
:>x213’y:_20\/§ :>(—7x—y—1)+i(x—7y—5):l+11i
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I~
>

Comparing the real and imaginary parts, we

get
—Ix—y—-1=1

=-Tx—y=1+1

=-Tx—-y=2 (1)
Now,

x=T7y-5=11
=>x-T7y=11+5
=>x-Ty=16 ..(ii)
Form eq. (ii)

x=16+7y ...(iii)
Putting this value of x in eq. (i). we get
—7(16+7y)—y:2
=-112-49y—y=2
=-50y=2+112
=-50y=114
114
50
:>y=—2—5
.. Equation (iii) becomes:
57

x:l6+7(——j
25
)c=16—ﬁ
25

e 400-399 \ 1

25 25
57
25
Q.10 Find the real values of x and y if
(5-2i)(x+iy)+3=i(11-i)—4i. 11301024
Solution:
Given that:
(5-2i)(x+iy)+3=i(11-i)—4i
S5x+5iy—2ix—2i"y+3=11i—i"—4i
5x+5iy—2ix—2(—1)y+3=11i—(—1)—4i

Thus, x:iand y=-
25

c

7oNIQp

Ty
A
" &
Sno\Y

/|
\

%
R

e
Z
e)

( MATHEMATICS - 11

W,

E3

Sx+5iy—-2ix+2y+3=Ti+1
(5x+2y+3)+i(5y—2x):1+7i
Comparing the real and imaginary parts, we get
Sx+2y+3=1
S5x+2y=1-3
Sx+2y=-2 (1)
Sy—=2x=17
= -2x+5y=17 (11)
Multiplying Eq. (i) by 2 and Eq. (ii) by 5,
and then adding
10x+4y=—-4
—10x+25y =35
29y =31
31

=p=6—
T

.. Equation (i) becomes
31

=2
)

:>5x+2:—2
29

:>5x=—2—g

29
-58-62

29
_ —58-62

5x+2(

5x

= 5x

29
24

29
Thus, x= _24 and y=
29

=>X=

31

5 .
Q.11 Find the real values of # and v

it L2 V3 g
241 j

2—1i
Solution:

11301025
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o

uz2 V=3 _y
2+i 2-1i
u—2 2—i v=-3 2+i
X + X =
2+i 2—i 2—i 2+i
(u-2)(2-1) (v=3)(2+1) _,

(2+i)(2-i) (2-i)(2+i)

Given that:

1

u—iu—-4+2i 2v+iv-6-3i .,

e + YR =4ivi"=-1
2u—iu—4+2i 2v+iv-6-3i

4—-(-1) 4—(-1)
2u—iu—4+2i 2v+iv—6—3i_4l,

4+1 4+1
u—iu—4+2i 2v+iv-6-3i .

A =4i
5 5

2u—iu—4+2i+2v+iv—6—3i_4i

5
(2u+2v—10)+i(v—u—l) =0+20i
By comparing the real and imaginary parts,

we get:
2u+2v—-10=0 (1)
v—u—1=20 (11)
From equation (i) we get:
2u+2v=10
2(u+v):10
Uu+v=—

2
u+v=>5

=u=5-v ..(iii)
Using (iii) in (i1), we have
v—(5—v)—1= 20

v—=5+v-1=20

2v—6=20
2v=20+6

2v=26
26
y=—

2

v=13

©
Y=
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Putting v = 13 in equation (iii), we have
u=5-13

u=-8

Thus,u=-8 ,v=13

Q12 If z, =4+5i and z,=a-2i, find
the real value such that
Re(zz,)=20. 11301026

Solution:
Given that:
zy=4+5iand z, = —2i

Re(z,z,)=20

= Re[ (4+5i)(a—2i)]=20

= Re[ 4o —8i+5i 107> | =20

= Re[ 4a—8i+ i —10(~1) | =20

= Re[ 4o~ 8i+ Sir +10] = 20

= Re[ 4a +10+ 5ia —8i| =20

= Re[ (4 +10)+i(5a —8) |=20+i.0
= 4a+10=20

of «

=4a =20-10
= 40 =10

10
=>a=—

4
S>a==

Complex Polynomials as a

Product of Linear Factors:

A complex polynomial P(z)is a polynomial
function of the complex variable z with
complex coefficients a,,a

n—1°

a, ,,....a,,d,
can be expressed in the general form as:
P(z)=az"+a, 2" +a,,z2"" +..+az+aq,,
where »n > 0 is an integer.

When a,#0 then P(z) is a complex

polynomial of degree n. According to the
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Fundamental theorem of algebra, a
polynomial of degree n>1 has exactly n
roots in complex number system C. So, a
complex polynomial can be expressed as a
product » linear factors. i.e.

P(Z) = an(z—zl )(z—zz)...(z—zn)
Example 6: Factorize the polynomial
P(z)=z"+(i—3)z-3i. 11301027

Solution:

p(z)=2"+(i-3)z-3i
p(z)=2"+zi-3z-3i
p(z)=z(z+i)-3(z+i)
p(z)=(z+i)(z-3)

Example 7: Factorize the polynomial

P(z)=z"-4iz+12 11301028
Solution:
P(z) =z —4iz+12

=z —4iZ—(—12)

=2z"—4iz—i"12 |

=z'—ibz+i2z—i'12
:Z(z—6i)+2i(z—6i)
:(Z—6i)(z+2i)
Example 8: Factorize the polynomial
P(z)=2"+(1+i)z" +iz. 11301029
Solution
P(z):z +(1+I)Z +iz

2

(1+Z)Z+l:|

KEY CONCEPT

The Rational Root Theorem is a
mathematical tool used to find all possible

( MATHEMATICS - 11

rational roots of a polynomial equation with
integer coefficients. According to rational
root theorem:

If a polynomial

P(x)=ax"+a, x"" +..+ax+a,has
integer coefficients, then every rational root

£ (in simplest terms) satisfies:

(1) p is a factor of the constant term a.

(i1) g 1s a factor of the leading coefficient a, .
Example 9: Factorize the polynomial
P(z)=z=32"+z+5. 11301030

Solution:

According to rational root theorem the
possible root of the equation are £land +5.
On checking, we see that z =—11s the root of

the polynomial P(z) because
R#1L)=(-1) —3(-1) £(=1)+5
P(-1)=-1-3-1+5

P(-1) =z545=10

So,z+1is a factor of the P(z). Using
synthetic division

“1/1 =3 1 5
-1 4 -5
\1—450

Therefore,
7 =3z° +Z+5=(z+1)(z2 —4Z+5)...(i)

Next find the factors of z* —4z+5
By using quadratic formula:

22 —4z+5=0

Here a=1,b=—4,c=5

~(-4)£(-4) - 4(1)(5)
2(1)
_ 42 J16-20

2

z =
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_4+.16-20
2
4444

2
4+2i
2
z=212i
The quadratic factors are

z*—4z+5= [z—(2+ i)][z—(2—
=(z—2—i)(z—2+i)
Substitutes in equation (i), we have the
=322 +z+5 =(Z+1)(z—2—i)(z—2+i)
Solution of quadratic equation by
completing square
Example 10: Solve the equation
2z°~12z+50=0by completing square
method and hence express it as a
product of its linear factors. 11301031
Solution:
222 -12z+50=0
Dividing both sides by 2
2" —6z+25=0
= 22—2(3)z=—25
Add 3% on both sides
z* —2(3)Z+32 =-25+3°
(z-3)" =16
= z—3= i\/—T6
= z=3%4i
Therefore, z = 3+ 4i or z = 3 — 4i are the required
complex roots.
Using the corollary of Fundamental theorem

of Algebra the equation can be factorized
using the roots 3+4iand 3—4ias:

222—12Z+50=2(22—6z+25)
=2[z—(3+4i)][z-(3-4i)]
—2(2—3—41)(2—3+4l)

z =

i)]

( MATHEMATICS - 11

Hence,
2z° —12z+50=2(z—3—4i)(z—3+4i)

EXERCISE 1.3

Q.1 Factorize the following: 11301032
(i) o’ +4p°
Solution:
a’ +4b* =a’ —(~1)4p’
=a’ —i*2°b’

=(a) ~(i20)
—(a+ z2b)(a—i2b)

(i) 94° +16b°
Solution:
9a’ +16b> =9a* —(~1)16b*

= 9a® —i*4°D’

=(3a)’ —(i4b)’

= (3a + i4b)(3a - i4b)
(iiii) 3% +3)”
Solution:
3x* +3y°

(¥*+7)
¥ (1]
[xz ]
(' =()’]
3(x+ly)(x zy)
(iv) 144x” + 225"

Solution:
144x” + 2257

3
3
3

3

=9[16x° +25)" |

=9{(4x)' ~(-1)(55)']

=9 (4x) = (50)’ |
9(4x+ 51y)(4x— Siy)

) z*—-2iz—1
Solution:
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22 =2iz—1=2"-2 Z)(l)

(
=2 2(z)(i)+

=(z-i)
=(z=i)(z-i)
(i) 22 +62+13

Solution:
Z24+6z+13=2"+2(z ( )+13

+2(2)
+2(2)(3)+32 4133

—(2i)

Z+3+21)(2+3—2i)

(vii) 22 +4z+5

Solution:

2 +4z+5=2"+2(2)(2)+5
=22 +2(2)(2)# 2° +5-2°
=(z+2)+5-4
=(z+2)°+1
=(z+2) - (=)
=(z+2)-i"
=(z+2+i)(z+2-

(viii) 2z° —22z+65

Solution:

i)

272-22z465= 2(2 —llz+%

( MATHEMATICS - 11

( 11)2 65 121}
=2llz—— | +———
2 ) 2 4

I 11)2 130—121}
=2l z—— | +

2 4

B 2
., Z_ujﬁ}

U 2) 7

(1Y 9

S 2) ( )(4)}

. : i
AT

2 4
A4
L
2 2 2 2

( 11—31‘){ 11+3ij

[ zZ— z—
2 2

Q.2  Factorize the following polynomials
into its linear factors. 11301033
i z+8
Solution:
22+8=2"+2°
Z+2)(ZZ—22+4)
=(z+2)(£ 221+ +4-1*)
=(z+2){(z-1)" +4-1]
=(z+2){(z-1)"+3}
=(z+2){(z-1)"~(-1)3]
:(z+2){(z 1)2 \/g)z}
: = z+2 { )2}
J} = Z+2 (z 1+l\/_)(Z 1- lx/_)
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(ii) 23:|—27 =(z-2)(z—4i)(z+4i)
Solution: (iv) z* + 212> —100
2 +27=7+3 Solution:

:(Z+3)(22_3Z+9) 2t +212° =100 = z* +252° - 42> - 100

2 2 =z*(z2+25)-4(z*-25
=(z+3) 22—2(2)[%j+(%j +9—Gj} =(22(+25)(Z)Zi) )
{2 -(-1)25}(*-4)
{7-75}(-2%)
{zz—(Si)z}(z2—22)
(z=5i)(z+5i)(z—2)(z+2)

2
~(z+3) [Z_Ej WA v) z*-16
2) 4 Solution:

z(z—2i)(z+2i)(z—2)(z+2)
E_iﬁJ (vi) z* +32° —4

2 Solution:

g_iﬁJ ' 4322 —4=27"+47" -7 -4

2 :ZZ(ZZ+4)—1(22+4)

(iii) 2 —22* +162-32
Solution: =("+4)(=*-1)
2 =22 +162-32=2(z—2)+16(z-2) {27 =(-1)4(*-1)

=(z-2)(z*+16) ={z7 -2 -1)

=(z=2){ 2 ~(-1)16] === @)= -r)

=(Z_2){22_l'242} =(z-2i)(z+2i)(z-1)(z+1)
) (vii) z* +52°+6

:(2‘2){ 2" —(4i) } Solution:
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>

24522 46=2"+322+22"+6
z (z +3)+2(z +3)
243 )(Z +2)

z }{zz—(—l)(ﬁ)z}

(

[

-7 }{Z -7 |

( \/;;)6(92+«/_1)( —\/Ei)(sz/fi)

(viii) z*-32z°
Solution:
z*—322*-3969

=z"—81z+49z° —3969
222(22—81)+49(22—81)

2 —81)(2* +49)

(
(z2-9°)(z-(-)7)
(
(2=

2 -9*)(22 =7

)(Z+9)(Z 71)(Z+7i)
Q.3 Find the roots of z*+72z°~144=0
and hence express it as a product of
linear factors. 11301034
Solution:
z'+72°-144=0
=2z 4+16z=9z*—144=0
:>zz(22+16)—9<z2+16)=0
= (27 +16)(z*-9)=0

=|2-(4) | 7-(3)']=0
(z+4i)(z—4i)(z+3)(z—3): 0

0,z—4i=0,z+3=0,z—-3=0
z=4i, z=-3,2z=3

(roots of given equation).
The given equation can be expressed as:

' +722 —144=(z+4i)(z—4i)(z+3)(z-3)

z+4i=

z=-4i,

©
) ~
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Steps
method
Step 1: Shift constant term to right side.
Step 2: Divide the equation by coefficient

of Z2.

involving completing square

Step 3:Add to both

(coefﬁcient of Z jz

sides.

Step 4: Take square root on both sides.
Q4 Solve the following complex
quadratic equations by completing
square method. 11301035
() 2z°-3z+4=0

Solution:
27" —3z4 420
2z°—3z=-4
Dividing by 2, we get
2z 3 -4
_—_Z —_— —

2 2 2
' - 3 z=—2

2

4 16
3 -3249
Zz—— =
4 16
3V 23
z—— | =——
4 16
Taking square root on both sides
3,12
4 16




/ A
==L

Zziil@ z—3=+4+ _2
4 4 3
=3ii\/z Z—3—+l'\/5><£
4 BB
(ii) z°—6z+30=0 J69
Solution: z=3%i Ar
2 —6z+30=0 (3)
z°—6z=-30 J69
=3+
Adding (3)2‘(0 both sides, we have 2=3% 3
z°—6z+3*=-30+3 (iv)z° +4z+13=0
(z-3)"=-30+9 Solution:
2 1+ 4t 13N
(2_3)2=_21 Zz-i- V2N
) ) z-+4z=-13
Taking square root on both sides, we have S ACI i
r—3—1y2l ing (2)" to both sides , we get
2 . 2
Z—3=ii\/i Z +4Zz+2 =—13+2
z+2) =-13+4
z=3:0/0 &
(iii) 322 182+ 50 = 0 (z+2)' =-9
Solution: Taking square root on both sides, we get
322 —-18z+50=0 z+ 2 =SS0
3z -18z=-50 zZ+2 =43}
lgl\gldnllg by 3,5\)(\)/6 get R
22 282 _ R (V) 222 +62z+9=0
303 4 Solution:
2 50 2
z —622—? 2z2°4+62z+9=0
. . 22" +6z=-9
A *to both h
dding (3) 0 both sides, we have Dividing by 2 on both sides, we get
2643 ==, 222 62_-9
2 2 2
(z—3)2=—@+9 ) -9
3 z +3z:7
2 —50+27 :
(2—3) = 3
3 Adding (—j on both sides
2 23 2
(2—3) =—— 2 2
3 *+3z+ 3122403
Taking square root on both sides, we get 2oz 2) 2 |2




3 -9
z+= | =—
2 4
Taking square root on both sides

(vi)3z2=5z+7=0
Solution:
3z2=5z47=0

322 —5z=-7
Dividing by 3, we get
322 5z 7

3 3 3
, 5

Zi——z=—=

2
Adding (%j to both sides

@)
=z 4| = | =——+| =
3 6 3 \6

5 7 25
z—— | =—=+—
6 3 36
5 _84+25

6 36

5V 59

z—— | =——

6 36
Taking square root on both sides
R

6 36

NI
) Q(,@

1PN
| A
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e
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LY
N,

J59

SR
6

V59 . _ 5459
6 6

Q.5 Solve the following equations:
11301036

N

H+

z =

Al Nl

(i) 2z'-32=0
Solution:

2z'-32=0

Dividing by 2, we get
z*~16=0
=(22) -4 =0
=(2’-4)(2 +4)=0
—=2z2—4=0 or z°+4=0
=z’ =4 or z’=—4
—z=%J4 or z=+J-4
=z S or z=%2i
So, z=2,-2,2i,-2i

(i) 32°—243z=0
Solution:

32°-243z=0

Dividing by 3, we get

2’ -81z=0

= z(z*-81)=0

=z=0 or z'-81=0
Now, (22)2—92 =0
(22-9)(z*+9)=0

z2-9=0 or z°+9=0

z*=9 or z'=-9
z= i\@ or z= i\/—_9
=z=0 or z=£3 or z=23i
So, z=0,3,-3,3i,-3i

(iii) 52° - 5z=0

Solution:

52°-5z=0

Dividing by 5, we get
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22—z=0
22(24—1):0
25+ 31 25-31
=z=0orz'-1=0 X=—g YT
2
Now, (%) -1’=0 56 -6
X=—,x=—
(22—1 (22+1)=0 8
O 2 _
Z-1=0 or 22+1=0 ¥=lx=—- vZ=x
=1 or z2=-1 o _
z—i«ﬁ or Z=i\/—_1
=z=0 or z=%1 or z=%i
So, z=0,1,~1,i,—i —z=+7 ,z= +*/
(iv)z2’ -5z +z-5=0
Solution: = z=4\Tv 2 +—
3 2 y
z _ZSZ +z-5=0 (vi) '+ 2* +Z+1=O
=2’ (z-5)+1(z-5)=0 Solution:
:(z—s)(zz+1)=0 =z’ (z41)+1(z+1)=0
2 1) =
—=z-5=0 or z*+1=0 :>(Z+1)(Z +1)_0
2=_1 or z=+J-1 =z+1=0o0r z22+1=0
=z=50r z=4%i —=z=-1 or z22=-1
=z=5,i,—i or z=i«/—_1
(V) 4z* =252 -21=0 or z=ri
Solution: =>z=-1=*i
4z -252"-21=0 Q.6 Find a polynomial P(z) of
:4(22)2—2522—21=0 degree 3 with zeros 3,-2i,2i and
Let z> = x, then satisfying P(1)=20. 11301037
4x* —25x=21=0 Solution:
Here a=4 ,b=-25,c=-21 " 3,—2i,2i are zeros of required polynomial.

By quadratic formula, we have

.. Let
B —b++b*—4dac P

(Z)=a(z 3)[2 :IZ 21)

2a : P(z)=a(z=3)(z+2i)(z=2i) ..(i)

x:—(—25)i\/(—25) —4(4)(-21) P(1)=a(1- 3)(1+21)(1 2i)
2(4) P(1)=a(-2)[ 1P -(2)']
=25i\/m =—2a[1 4,]
8

R B

8
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P(l) = —2a(5) =—10a
Given that:

P(l) =20

= —10a =20

20
=>a=——
-10

=a=-2
.. Equation (i) becomes

:>P(z):—2(z—3)(z+2i)(z—2i)

= P(z)=-2(z-3)| £ (20 |
= P(z)=-2(z-3)(2* - 4)
= P(z)=-2(z-3)(z’ - 4(-1))

=-2(2’+4z-37-12)
=-2(z’-32" +4z-12)
Z) =-22"+62*-8z+24
Q.7 Find a polynomial
degree 4 with zeros 2i,
satisfying P(2)=240.
Solution:

"+ 2i,—-2i,1,—1are
polynomial.

.. Let

P(Z):
P(2)=a(2-2i)(2+2i)(2-1)(2+
= a2 -(21) |(1)(3)

=3a[4-4i" |

Zeros of

=3a[4—4(-1)]
=3a[4+4]
= 3a(8) =24aq
Given that:
P(2)=240
= 24a =240

p(z)

—2i,1,

of
—1 and
11301038

required

a(z—21')(Z+2i)(z—l)(z+l)...(i)

1)

{ (MATHEMATICS - 11]
_ 240

=a=10

.. Equation (i) becomes:

:>P(z)= lO(z—2i)(z+2i)(z—l)(z+l)

10 2 ~(20)" || 2 ~(1)’]

10(2* - 4i%)(* -1)

&
(
10(2* - 4(-1))(* 1)
(
(

10 Zz+4)(z —1)
10(z*=z*+4z* = )

=10(z*+32°-4)
= P(z)=10z"+30z"—-40
Q.8 Find a polynomial p(z) of
degree 4 with zeroes 4,-4,1+i,1—i and
satisfying P(2)="72.
Solution:
w4,-41+1i,1—1iare
polynomial.
. Let

P(z)za(z 4)(z+4)[z (1+i)][z—(l—i)]....(i)
+4[2 1+i][2 (1-i)]

11301039

zeros of required
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.. Equation (i) becomes

(2)=-3(z—4)(z+4)[z—(1+i)][z-(1-7)]
p(z)z 3(2 4)(Z+4)[z 1- z][z 1+z]
p(z)z 3(22 4 )[ —1}
p(2)=-3(="~16) (-1 (1))
p(z)=-3(2"-16)( 2z+12+1)
p(z)=-3("-16)(z*-22z+2)

p(2)= 3(24—22 +22° ~162° +32z-32)
p(z)=-3(z"-22"-142’ +32z-32)

p( )——32 +62°+422° - 962+ 96

The three cube roots of

unity
Let xbe a cube root of unity.
1

Then x =(1)3

Taking cube on both sides we get
x =1

=x-1=0

=(x)-(1)'=0
:>(x—1)(x2+x+1):O

—=x—1=0 or X>’+x+1=0
=x=1

Here a=1b=1,c=1
Using quadratic formula i.e.
_ —bxAb’—4ac
2a
1 (1) —a()()
2(1)
C—1+41-4

2
VA

2

—1+i3

2

X =

( MATHEMATICS - 11

. three cube roots of unity are

—1+z\/§ —1- zf
2
Let w = _IH\/_

) —1+z\/§
YT

e l+i2(\/§)2 +2(—1)(z\/§)
e 1+(—1)(3)—42iJ§

4
wzz—2—2i\/§
4
2(—1—:‘@)
o =—
4
il
2

. three cube roots of unity are 1,®,®"

We know that the numbers containing i
are called imaginary numbers. So

—1+/3i —1-3i
2 2
imaginary cube roots of unity.

Properties of three cube roots of

and are called

unity
(i) Each complex cube root of unity square
of the other.
f ~1+\3 =@ Then ~1-\3 =’
2 2
1-/3i

and if — :a)then_1+\/§l =’

2 2
(ii) The sum of all the cube root of unity is
zero. i.e., l+o+w* =0
(iii) The product of all cube root of unity is
one. i.e., low’ =w’ =1



As a consequence of which ,each imaginary

cube root of unity is reciprocal of the other
1

2 = —

@
Four fourth roots of unity

Let xbe a fourth roof of unity.
1

thatis, o = —,®
0]

Then x=(1)
=x'=1
=x'-1=0

= (=) (1) =0
:>(x2 —l)(x2 +1)= 0

=x'=1=0 or xX*’+1=0

=x'=1 or x’=-1
:>x=i\/f or x==2+-1
=x=x1 or x==i

.. four fourth roots of unity are: 1,—1,7,—i
Properties of four fourth roots of
unity

We have found that four fourth root of
are: 1,—-1,i,—i .

(i) Sum of all the four fourth root of unity is
zero. i.e., 1+(-1)+i+(=i)=0

(ii) Both the real four fourth roots of unity
are additive inverse of each other. —1 and 1

are the real fourth root of unity
and 1+(-1)=0=(-1)+1
(iii) Both the imaginary fourth roots of

unity are conjugate of each other. i and -i are
fourth roots of unity, which are obviously
conjugate of each other.

(iv)  Product of all the fourth roots of
unity is -1. L.e., Ix(=1)xix(—i)=—1
Example 11: Prove that:

X+’ =(x+y)(x+a)y)<x+a)2y) 11301040

< ®

‘7/\
\ ¥
=
2
k

~
<
D

( MATHEMATICS - 11

Solution:
RH.S=(x+y)(x+oy)(x+o’y)
:(x+y)[x+(a)+a)2)yx+a)3y2]
{ o =10+ =—1}
:(x+y)(x2 —xy+y2)
=x+y'=L.H.S

Hence proved.

EXERCISE 1.4

Q.1 Find the three cube roots of:
11301041

@ 8

Solution:

Let xbe a cube root of 8.
1

Then x=(8)3

Taking cube on both sides, we get:
=8

=x -8=0

=(x)'=(2)' =0

= (x=2)(x*+2x+4)=0

—=x-2=0 or x’4+2x+4=0

==

Now, x* +2x+4=0

Here a=1,b=2,c=4
Using quadratic formula i.e.
baP A

2a

—2+,(2) - 4(1)(4)

2(1)
x_—2ix/4—16

2
L2
2



24203 {1+:\/§J [1—1\/?}
X=—- x=2 ,2
2 2 2
2(-1£iy3
(A=) B [-1eid
2 S e i
xzz(_1+2i‘/§),2£_l_2iﬁJ x=-20",-2w
5 .. Three cube roots of —8 are {—2,—2(0,—2@2}.
e 20,20 i (iii) —27
- .Three cube roots of 8 are {2, 20,20 } SO o
gl)l _f. Let x be a cube root of —27.
olution: 1
Let xbe a cube root of —8. Then x=(-27)3
Then x = (—8)% Taking cube on both sides, we get
Taking cube on both sides we get X' =-27
X =—8 =x’+27=0
=x +8=0 =(x) +(3) =0
:>(x)3+(2)3:O :>(x+3)(x2—3x+9):0
:>(x+2)(x2—2x+4)20 =x+3=0 or xX’=3x+9=0
=x4+2=0 or x*’-2x+4=0 =>x=-3
=x=-2 x> =3x+9=0
¥X=2x+4=0 Here a=1,b=-3,c=9
Here a=1,b=-2,c=4 Using quadratic formula i.e.
Using quadratic formula i.e. — Jb? — 4ac
o ThENY ~dac T
2a 2
(22— TR -4 )0)
x= 2(1)
2(1)
2+4-16 _3:\0-36
2412 _3ENT27
:T 2
2+2i\3 _ 32313
2(1+iv3) . 3(1443)
sz 7
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1+i3 ) [ 1-i3 —1-i3
x=3 3
2 2 2
S S AN S S A x=40,40
B 2 ’ 2 .. Three cube roots of 64 are {4, 4w, 46()2}.

(v) —125
27 are Solution:
Let x be a cube root of —125.

x=-30",-3w
Three cube roots of

{-3.-30,-30"}. 1
(iv) 64 Then x=(-125)3
Solution: Taking cube on both sides, we get
Let x be a cube root of 64. 3
! Ko — 2D
Taking cube on both sides we get
=64 (x)3+(5)3=0
=(x)'-(4)' =0 = x+5=0 or x’—5x+25=0
e
—4)(x*+4x+16)=0 o
:(X )(x ol ) x*—5x+25=0
=x-4=0 or x’+4x+16=0 Here a=1.bties o5
=x=4 . ’ ) ' .
24 Axr1620 Using quadratic formula i.e.
Here a=1,b=4,c=16 oo —hENb —dac
Using quadratic formula i.e. 2a
2
S 95 ~4((29)
2a 2(1)
-4z J(4) - 4(1)(16) . 5%:/25-100
e 2(1) 2
_—4xTo—od w22V
eS8 x:5151\/§
sz B
_4+4i\3 5(1£i3)
x=— " x=——"">="
2 2
4(-1£i3) s 1+i3 5 1-i\3
= 2 J 2

“
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)

I~
>

1-i\/3

2
x=-50",—5w
.. Three cube roots of 125 are
{~5,~50,~50°),

Q.2 Find the four fourth roots of
16,81,625. Also show that their sum is

zero in each case. 11301042
Solution:
(i) 16
Let xbe a fourth root of 16.
1

Then x:(l6)Z

=x'=16
=x'-16=0

=(x*) -(4) =0
= (2" —4)(x*+4)=0
=x'—4=0 or x'+4=0
=x'=4 or x°=-4
:>x:i\/Z or x=*-4
=>x=12 or x==2i
.. Four fourth roots of 16 are 2,—-2,2i,—2i.
Sum =2-2+2i—-2i=0
(i) 81
Let xbe a fourth root of 81.

1

Then x:(81)Z
= x'=81
=x'-81=0
=(x*) -9y =0
:>(x2—9)(x2+9)20
=x*-9=0 or x*+9=0
=x*=9 or x*’=-9
:>x=i\/§ or x:i\/§
= x=43 or x=2%3i
.. Four fourth roots of 81 are 3,—3,3i,—3i

7oNIQp
Ty
A
" &
Sno\Y

/|
2\

E3
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W,

o
»

Sum =3-3+3i-3i=
(iii)625
Let xbe a fourth root of 625.

Then x = (625)%

= x' =625

= x'-625=0

=(x*) —(25) =0

= (x" =25)(x*+25)=0

0

=x'=25=0 or x*+25=0
—x'=25 or x’=-25
:x:i\/g or x=*+/-25
= x=15 or x==5i

.. Four fourth roots of 625 are 5,-5,5i,
Sum =5-5+5i—-5i=0

Q.3 If Lw,»w*are the cube roots of
unity, show that 1+ " +®”" =3 where n
is a multiple of 3 respectively. 11301043
Solution:

v 1,w,w" are the cube roots of unity.

=5i.

=1
" n is a multiple of 3
. n=3k where k is an integer

To show that 1+@" +@*" =3
L.H.S.

=l+0" +o”"
“1+ 0™ + 0
=l+o*

:1+(a)3)k+(a)3)2k
=1+(1)" +(1)*

=1+1+1=3=R.H.S
Hence proved.

Q.4 Evaluate:

. (—1+\/—_3j7 {—1—\/—_3
() 5 +

2
Solution:

+

11301044

|
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14453 (—1-43)
2 " 2
=a)7+<a)2)7

14
=0 +w

=0’ w+0”* o
2 4
:(a)3) -a)+(a)3) - w*

=(1)2-a)+(1)4-a)2 @ =1

—w+w’=-1 l+o+0’=0
(11)( 1+\/_) ( 1—\/3)5
Solution:

(—1+«/3)5 +(—1—«/3)5 =(20) +(2a>2)5
:—1+J—_3 -3
2

andw’ =

.
2

=20’ +2°(?)

=320 + 320"

=320 - @ +32(a)3)3-a)

=32.1-0 +32(1)- @

=320 + 320

= 32(a)2 +a))

=32(-1)

=-32

Q.5 Showthat(l—a)+a)2)(1—a)2+a)4)

=1

“l+o+w’ =0

(l—a)4 +a)8)(1—a)8 +a)16)...t02nfact0rs
:22}1.

Solution:
L.H.S. :(1—w+w2)(1—w2+a)4)(l—w4+w8)

11301045

(l—a)8 +a)16)...2n factors
=(1—a)+a)2)(1—a)2 +a)3.a))(1—a)3.a)+(a)3)2.a)2)

(1—(—(03 )2 ° +(a)3 )5 a))2n factors

( MATHEMATICS - 11

(l—a)+a)2)(l—a)2+a))(l—a)+a)2)

—

1-w +a)) 2nfactors " @’

<1+a) —a))<1+a)—a)2)<l+a)2 —a))

—_

l+o—w’ )Zn factors

(—a)—a))(—a)2 —a)z)(—a)—a))

lro+0’ =0

—0’ -’

—
)

)...2n factors

—260)(—2602 )( —20))( 20’ )2n factors

Hence proved.

8
Q.6 Prove that (Hf] +(l_

=1

ﬁj

2
11301046
Solution:
oty AR ANG
2 2
1-i\3 , 1+i3
-0 = B and —o” = 5

_i\/g]and —iw* =i(l+i\/§]

]
—iw = I
L 2

= =" and —iw’ =
2
_ —-1)4/3
= i =" ( 1)‘/gand za)z—H( )J_
2 2
- =Z+1«/§and:>—za)2=l_\/§
2 2
8 8
L.LS _[z+ 3}4_(1—2\6}



cl+o+w* =0

Hence proved.

5

Q.7 Evaluate) »’* where o is an
k=0

imaginary cube root of unity.

Solution:

5
szk — 0 L M 4 20 4 10 4 M 4 %)
k=0

11301047

=0’ +0'+0' +0'+ 0’ + 0"
=1+a)2+a)3.a)+(a)3)2+(a)3)2.a)2+(a)3)3.w
=1+0’ +o+l+0’ +o
=2+20+20°
=2+2(0+0’)
=2+2(-1)

=2-2=0
If wis an imaginary cube root of

a+bw* +cw

Yo =1

vl+o+o’=0

Q.8

unity, prove that = . 11301048

an’ +bo+c

Solution:

Given that @ 1s an imaginary cube root of
unity.

Lo =1
a+bw’ +co
To prove that ——=w
aw” +bw +c
a+bw’ + cw

LHS. =—
aw” +bw+c

aw’ +bo’ + cw ;
= ) =1

aw’ +bw + ¢

a)(aa)2+ba)+c)
Vs —w=R.H.S
aw” +bw+c

( MATHEMATICS - 11

Hence proved.

Q.9 If wis cube root of unity, prove
12 17 19

that aa)l Z il ba)22 il Ca)30 =w 11301049
aw "+ b~ + cow

Solution:

Given that wis an imaginary cube root of

unity.

Lo =1

an" +bo"" + co"”
To prove that =

aw" + bo* + co™
aw' + bo"" + cw"”
aw't + ba** + cw’®
3\4 3\ 5 3\0
a(a) ) +b(a) ) §0) +c(a) ) o)

(@) @ +b(0) w+e()"

LHS. =

a+bw* + co ;
:—2 7)) =1
aw” +bw+ ¢
_aw’ +bo’ + co
aw® +bw+c
a)(aa)2+ba)+c)
= =w=R.H.S

aw’ +bw+c
Hence proved.

Polar Coordinates system
Polar  coordinates
often more convenient
than Cartesian coordinates

are 90°
T
2

5
NN

in situations involving o 0
circular or rotational ey
symmetry, or when ?* + X
problem depends on N

distance from a fixed point and angle relative to
a reference direction. Just as the Cartesian

coordinates system uses an ordered pair (x, y)

to describe the position of a point, the polar
coordinate system determines the position of a
point using a directed distance » from a fixed
origin O (called the pole) and an angle &
that the line connecting the origin to the



C
Q‘v (2 »7’:
m : 2
Zz = =
> ©

point makes with the polar axis (typically
aligned with the positive x-axis).

Complex numbers can be expressed as|..

Cartesian coordinates (x, y) as well as in

polar coordinates (r,6).

While 7 is typically considered non-negative
(rZO), it is also possible for r to be

negative (7<0). The value of r changes

depending on its sign, and it affects the
position of the point P in the plane.

When r > 0, the angle € is the measure of any
angle in standard position whose terminal side
lies along the line connecting the origin to the
point P measured from the polar axis (positive
X-axis).

When r < 0, the angle @ is the measure of any
angle in standard position whose terminal side
lies along the line connecting the origin to the

point O, but the point Q is located |r| units in
the opposite direction (i.e.ﬁ +0) measured

from the polar axis (positive x-axis) as shown
in the figure below. '

Q(—r,m+8)
The polar form of a complex
number:
Consider the
z=x+iy=(x,y)
In the right triangle OQP:

complex number

X
cosfd =—= x=rcosl
r

( MATHEMATICS - 11

sind =2 = y=rsind
r

z=x+iy=rcos@+irsinf
=r(cosf+isin@) = rCisd

Which is called polar form of the complex
numberz. vy

Where r=|z|=/x*+ )

And 6 =tan™' (Zj
X
Example 12: Express the complex

number 1+ /3 in polar form.

11301050
Solution:
Step —I: Put rcosd =1and rcosé = NE)

Step —II: »* :(1)2 +(\/§)2

= r*=1+3=4
= r=2

Step — III: 6 = tan”' ?
—tan"'\f3
=60°

Thus 1+ z\/g =2c0s 60° +i2sin 60°

e If x=0,y>0then 6 =90°.

o If x=0,y<0then 8=-90°.

e If x=0,y=0then @ is undefined.
e If y=0,x>0then 8=0°.

o If y=0,x<0then & =180°.
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Principal argument
The principal argument of the complex
number z=x+iyis the angle between the

positive real axis and the line joining the point
(x,») to the origin in the Argand plane.
Principal argument of z is denoted by:

Arg (z) =0e[-z,7)

In 1%t quadrant: 6 = tan™' (Zj

X
In 2" quadrant: @ = 7 —tan™' “
X
In 37! quadrant:
0=r+tan|Y or —E/t—tan‘1 z ]
X X
In 4% quadrant:
0 =27 —tan"'|Z| or —tan"' |2
X X
Operations on complex numbers in
p P
polar form

Addition and subtraction of complex
number in polar form

If z, = 1;(cos6, +ising, ) ,z, =1(cosd, +isinb,) be
two complex numbers in polar form the

addition and subtraction of these numbers
can be computed simply as:

z,+z, =r(cos6, +isiné, ) +r,(cosb, +isinb, )
z,—z, =1,(cos6, +isin6,)—r,(cosd, +isinb, )
Multiplication of complex number in
polar form

Ifz, =1, (cosB, +isind, ) and z, =1, cosb, +isind, )
, then z,z, = 15 [ cos(6, +6, ) +isin(6, +6,) |

Example 13: Find the product of

5 COS£+iSin£ and 4 c0s3—”+isin3—7[ .
6 6 2 2

11301051

oN

EYL

N,
SNO\

]

<
D
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Solution: Let zl=5(cos%+isin%jand

( r .. 37:)
z,=4 cos7+zsm?

Here, n =5 and 01=%, while =4 and

3
02 :7

Substitute this value in the product formula
2,2, =1-1,[ cos(6, +0,)+isin(6, +6,)

T 3r .. (7 3m
=5x4|cos| —+— [+isin| —+—
6 2 6 2
=20(coss—”+isin5—”j
3 3

Thus,  the required product is

20 (COSS—E+ isins—ﬁj.
3 3
Division of complex number in polar form
If z, = 1;(cos6, +isind, ) and z, = 1, (cosb, +isind, )

, then

z, K -
== 0 —0 0 -0
- [cos( | —0,)+isin(6, 2)]

2y

Example 14: DiVide%(cos%r+isin%TJ by

11301052

Solution:
Let zl=2 cos7—”+isin7—7r

7 6 6

3 T L. b2
and z, =—| cos| —— |+isin| ——

5 2 2
Here, 7, 22,6?1 :%T,r2 :éand o, :—%.

Substitute value in the quotient formula
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I~
>
E3

A ﬁ[cos(@l ~6,)+isin(6,-0,)]

5 h
25 r T . Tr T
==x=|cos| ——| —— | +isin| ——| —-=
73 6 2 6 2
i:H(coss—”+isin5—ﬁ) is the required
z, 21 3 3

polar form of division of two complex
number.

Example 15: If z=x+iy, then write the
equation [3z—i|=|3Z + 7| in term of x and y.

11301053
Solution:

Given 3z—i|=[32+7| ...())
3z—i=(x+iy)-i]

=[x +i(3y-1)|

= J3x) +(3y-1)
3z + 7|=‘3x+3iy—|—7|
=[3x=3iy+7|
=‘3x+7+i(—3y)‘
= J(3x+7) +(=3y)
Substitutes these values in (1)
JBx) +(3y—1) = y(3x+7) +(=3y)’
Taking square on both sides
(3x)" +(3y—1)" = (3x+7)" +(=3y)’
9x* +9y" —6y+1=9x" +42x+49+9y°
—6y+1=42x+49
—6y=42x+48
y=—7x-8

or
The equation y = —7x—8represents a straight
line in the complex plane.

Example 16: Show that (x+2) +)* =8

. (z+ 2i\ 3x .

if arg =— for z=x+iy. 11301054
z=2i 4

Solution:

©
) ~

.\“‘“Qo<b
ﬂ);\

|

W,

o

<
D

( MATHEMATICS - 11

o\

z+2 x+iy+2i

z-2i x+iy-2i

z+2i

z—2i

x+i(y+2)
(»=2)

x+i(y+2)>< x—i(y-2)

x+i(y-2) x-i(y-2)

x+ily

z+2i
z—2i

:>Z+2i=(x2+y2—4)+4ix
z—2i x2+(y—2)2

_ X+ -4 i 4x
)c2+(y—2)2 x2+(y—2)2

As arg N :3—7[
z—2i 4

= dx=—1(x"+)"-4)

= x’+4x+y’ =4

Completing the square for x°, we have

(x+ 2)2 +y° =8

Complex numbers in the

real world

Voltage, Current and Resistance

Ohm’s Law is a fundamental principle in
physics that describes the relationship
between voltage V, current I and resistance R
in an electrical circuit. Mathematically Ohm’s
Law can be expressed by the formula V' = IR .



<
z I

<

Il

St
R

When dealing with alternating current (AC)
circuits, resistance generalizes to impedance
(Z). Resistance in a circuit is due to inductor

(X, ) and capacitor (X, ). Their difference
is reactance X =(X,)—(X,).

Geometrically it is shown in the adjacent
figure. Here Z =R +iX .

Then for AC circuits, Ohm’s Law in Terms
of impedance is expressed by the formula
V=I1Z.

Example 17: If the impedance of
circuit is 11(cos55.35°+isin55.35°) ohms

at a voltage of 25(cos30°+isin30°)V,

find the value of current in the circuit.
11301055

BL
7

‘7/\
\ B
=
E
A

<
D

( MATHEMATICS - 11

25(cos 30°+isin30°)

orl = -
11(c0855.35° +isin 55.35°)

I= %[cos(300—55.35°)+ isin(30°—55.35°)

1=2.27] cos(—25.35°)+isin(-25.35°) |
Express into rectangular form
1=227[0.90+i(-0.42) | =2.04-0.95i

Thus, current is 2.04—0.95i4 .
Cryptography

It is the science of securing information by
transforming readable messages called
plaintext into secrete code called ciphertext
using  mathematical  algorithms  and
encryption keys. It consists of two main
processes i.e., encryption to lock message
with complex with, and decryption to unlock
it with the right key.

Example 18: The word “MATH?” is to
be encrypted by multiplying a complex
number k=2+3; and then decrypted
back to its original form using the
concept of multiplicative inverse in
complex numbers.

Solution:  Substitute  the  voltage | Each letter of the alphabet is assigned
25(cos 30°+i sin 300) and  impedance | a numerical value as follows:
11(c0s55.35° + i 8in 55.35°) into  the A:l,{;=2,c=3,,_,32=26 11301056
equation ¥ =IZ, where Vis voltage, Solut“lon: Flf’st, we assign each lettqr in the
I denote the current and Z is impedance. word “MATH” a COH;EICX number with zerg
25(c0s30°+isin30°) = 7.11(c0s55.35° + isin 55.35°) lmaginary part. ¢ encryption ~ an
decryption shown in the table below
Complex _ z decrypted =z
Letter Njutitlyee () z encrypted = zx k E— Letter
M 13+ 0i (13+0i)(2+3i)=26+39 | (26+39i)/(2+3i)=13+0i M
A 1+ 0i (14+0i)(2+3i)=2+3i (2+3i)/(2+3i)=1+0i A
T 20+ 0i (20+0i)(2+3i)=40+60i | (40+60i)/2+3i=20+0i | T
H 8+ 0i (8+0i)(2+3i)=16+24i | 16+24i/2+3i=8+0i H




EXERCISE 1.5 i

Q.1 Plot the following points: 11301057
(i) (2,75°)

Solution: 90°
(2,75°)

~

o

<

N’
7~ N\

o
ox|,§]"
N—
o3

(i) (-3,120°) 270°
Solution:




Solution:
—19(%):—19(90°)=1710°

:>—4(rev)—270° =-1710°

Solution:

L
7 _ 5[ 180750 B
12 12

3n
2

Q.2 Express the following complex

numbers in polar form:
(i) 4+3i

Solution:

Let z=z+iy=4+3i

11301058

( MATHEMATICS - 11

"~ Both x and y are positive.

- @ lies in 1*' quadrant.

=@ =tan"’ (Zj
X

—tan ' (% j: 36.87°

Polar form:

z=r(cos@+isind)
=5(c0s36.87° +isin36.87°)

(i) 1+

Solution:

Let z maus-eii=ileg

** Both xand y are positive.
- @ lies in 1°" quadrant.

=60 =tan"' (Zj
X

=tan"’ (lj
1

= tan’l(l) =%

Polar form:
z=r(cosf+isinf)



:\/E(coszﬂ'sinzj
4 4
1 3
iii) —+ —i
()2 5
Solution:
Letz:z+iy:l+£i
2 2
1B
=S X=—,y=—
2y 2
Then,

r:|z|:«/x2+y2

\ 4
=\/§=\/I:1

* Both x and y are positive.

- @ lies in 1* quadrant.

=0 =tan" (Z)
X

B
2
1
2
4 V4
=tan (\/g) = ?
Polar form:
z=r(cosf+isin)

T .. T
=1| cos—+isin—
( 3 3)

.5 503,
v)-—————
(iv) ST !

=tan

INIQY

PPN
2
" A

Sno\Y

[
e
Z

D
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Solution:
Let z=x+iy=—§—¥i
I R e}
2 2
Then

* Both xand y are negative.
= 0 lies in 3™ quadrant.

=0 =x+tan" b
%
53
=0 =rx+tan™ g
2
:>6’=7r+tan"‘(\/§)
:>6’=7z+z
3
= 3Ir+x :4_7r
3 3
Polar form:

z=r(cosf+isind)

( 4z . 472)
=5| cos—+isin—
3 3

W L

1+
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Solution:

1-i 1-i 1-i
= X

1+7i 1+i 1-i

I=

1-1-2i
1+l
2i
T2
1—i

—_— ]

1+i
Let z=x+liy=—i
=>x=0,y=-1
Then,

r:|z|:\/x2+y2

Polar form:
z=r(cosf+isinf)

{(gj(gﬂ
o B
i) 1+\/§i

Solution:

VBri_ ABri 1-43i
143i 1+Bi 1-+3i
CB-3i+i-BE

()

_\3-3i+i-37
12—(J§)2i2

_3-2i-\3(-1)

O 1=(3)(-)

_ «/§—2i+\/§

1+3

_2\3-2i

I
| 4~
I

=

I
o

" x1s positive and y is negative.
~. 0 lies in 4™ quadrant.

0=—tan"' |2
X

[ —

=—tan"’

=[S

( MATHEMATICS - 11
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=—tan"’

()

Polar form:
z=r(cos@+isind)

- [on{-2 e 2

e 3+4i0

w")4+3i

Solution:

3+4i:3+4ix4—3i

44+3i 4+3i 4-3i
_12-9i+16i-12i°

4 —(3i)
_12+47i-127
16—9i°
12+47i-12(-1)
- 16-9(-1)
_12+7i+12
16+9
2447
25
_28 7.
25 25
24 7.
Let z=x+iy=—+—i
25 25
24 7
=SX=—,y=—
2577 25
24Y (7Y
Then, r=|z|=\x*+)y* = || = | +| —
Pl =y \/(zsj (25]
576 49
= |—+—
625 625

_ [576+49
625

NI
) Q(,@

1PN
| A

I~

[
e
Z
e)

( MATHEMATICS - 11

LY
N,

625

625 v
* Both xand y are positive.
- O lies in 1°" quadrant.

=0 =tan"" (Xj
X
7
= tan”' %
25
(7 J
=tan | —
24

Polar form:
z=r(cosf+isinb)

[l (2 Jrosnfen' (2]

Q.3 Convert each of the complex
number z in the rectangular form
x+iy: 11301059
(>i) 4(cos5—”+isin5—ﬂj
3 3

Solution:

Stz .. 5w
4| cos—+isin—

3 3

=4 cos(2ﬁ—zJ+isin(27z—zj
3 3

=4 cosz—isinz}
3 3

{42

_1—\ﬁ%}
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o 3 e .. Irx
(i) =| cos—+isin—
2 6 6

Solution:

3 r .. I«

—| cos—+isin—

2 6 6

i T . T
cos| m+— |[+isin| r+—
L ( 6) ( 6ﬂ

W DWW NDWw W
1
|
S
|
| ~
|

Solution:
|2|=7,arg(z) = 213—;

z=|z|(cos@ +isind)

=6.76-1.81i
(iv)|z|=1Larg(z)=———

Solution:

11z
12

z=|z|(cosf+isind)

|z|=11arg(z)=-

NI
) Q(,@

AP

Y
\

[
3 e
Z
e)

| 2
" &
Sno\Y

( MATHEMATICS - 11

W,

o
»

"+ cos(—0) = cosd and sin(—-6)=—siné

=11coslﬂ—11isinﬁ
12 12

=-10.62—-2.85i
W) |7|= ?,arg(z) = —117—27[
Solution:
=5 are(z) ==
3 12

z=|z|(cos€+isin¢9)
10 177 . 177
=—|coS| ——— |+isin| ———
3 12 12
10 177z o (177
=—| cos| — |—isin| —
3 12 12

"> cos(—0)=cos@ and sin(—0)=—sind

10 177 10 . 17«
in——

3 12 3 12
—0.86+3.21i
(Vi) 2 cos(—33°)+ 2isin(—33°)
Solution:
2cos(—33°)+ 2isin(—33°)
2c0s(—33°)+ 2isin(-33°)
= 2cos(33°)—2isin(33°)
=1.68—-1.09i
Q4 If z =9(00557ﬁ—|—isin57ﬂjand

Zy= 5(cos%+isin§jthen find: 11301060

()] zZ tz,
Solution:

Given that: z, = 9[cos57” +i sinsf]

T T
22:5(c0s§+zsm§j

Sz .. 5S¢ T .. 7
z,+2z,=9| cos—+isin— [+ 5| cos—+isin—
4 4 3 3
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I~
>

= 9c055—”+9isin5—7[+5<:osz+ 51'sinz
4 4 3

=-6.36—-6.36i+2.5+4.33i
=2.5-6.36-6.36i+4.33i

=-3.86-2.03;
(ii) z, -z,

Solution:

Given that: z, = 9[c0557ﬁ+ isin%zj

T ..
z,=5| cos—+isin—
3 3

S .. 57 T, .. T
z,—2,=9 cosjﬂsmT -5 cos§+zs1n§

=9coss—”+9z’sin5—”—5005£—5isinZ
4 4 3 3

=-6.36-6.36i—-2.5—-4.33i
=-2.5-6.36-6.36i—4.33i
=-8.86—10.69i

(iii) z,- z,

Solution:

Given that: z, = 9(0055% + isin%}

[
3 e

ZoNIQ R
PP

|

W,

T
o

<
D

( MATHEMATICS - 11

o\

Solution:

Given that: z, = 9(c0557”+ isin%j

T ..
22=5(cos§+1sm§j

St .. 572)
9| cos—+isin—
z 4 4

% 5(cos”+isinﬂJ
3 3
9 (57[ ﬂj . (57: ﬂj
=_|cos| ——— [isin| ———
5 4 3 4 3

9 117z . 1lx
COS——+isin——
5 12 12

Q5 [If z =7 cos R +isin 237 and
12 12

7, =111 cosiﬂsmM then find the
12 12

following and express the result into
x+ iy form. 11301061

® zZtz
Solution:

Given that: z, =7 cos23—7r + zsin23—ﬂ
12 12
11z . 1z
z, =11} cos—+isin—
12 12

231 11z 11z
+11| cos—+isin—

12 12 12

—7cos£+7151 £+11 M+111s1 M

12 12 12 12

=6.76-1.81i—-10.62+2.85i

=6.76-10.62+2.85i—1.81i
=-3.86+1.04i

(i) z,—z,

Solution:

23r
Z+z,=17 cosﬁ-kzsm
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237 23

+1isin

Given that: z, =7 (cos >

( Iz .. llﬂj
z, =11| cos——+isin—
12 12

231

12

Iz

)

B .. 1 . x
z,—z,="T| cos——+isin—— |~11| cos—+isin—
12 12 12 12

231 117z

. 1x

= 700523—”+ 7isin———11cos——11isin—
2 12 12

=6.76—-1.81i+10.62-2.85i
=6.76+10.62-2.85i—-1.81i
=17.38—-4.66i

(iii) z, .z,

Solution:

Given that: z, = 7| cos %" +isin s
12 12

Iz .. 1z
z, =11| cos——+isin—
12 12
23z .. 23% Uz . 1z
2.2, =T| cos——+isin— | 11| cos—+isin—
12 12 12 12

18V
12 2 12 12

r+1lr \ .. (23z+11x
77| cos| ——— |+isin
12 12

4 . 34
=77(cos31—2”+is1n3—”j

237w . (237 11z
=77| cos —+1— +isin| ===+ =2

12
=77 cos34—ﬂ + 77isin34—7r
12 12
=—-66.68+38.5i
(iv) L
Z,
Solution:

ﬂ

Given that: z, = 7| cos 237 +isin 237
12 12

Iz .. 1z
z,=11 cosﬁﬂsm—

J

( MATHEMATICS - 11

71 (237 11z . (237 11z
=— ———— |[tisin| ————
11} 12 12 12 12
70 (23z-11z)\ .. (23z-11x
=—| CcoOS| ——— 8  |[+I1sm| ——
11| 12 12
7 127 .. 12«7
=—| COS——+1IS1In——
11 12 12
7 ..
:—l(cos7z+ls1n7r)
:l(—1+i.0)
11
=—l+i.0
11
Q6 If z, and z, are two complex

numbers, show that: 11301062

>i) Arg(z1 .22) ~ Arg(z1 )+ Arg(zz)
Solution:
Let

z, = 1;(cos6, +isiné,)
z, =r,(cosb, +isind,), then
Arg(z,)=6,and Arg(z,)=6,
Now z,z, =77 cos(6, +6,)+isin(6, +6,) |
= Arg(z] Zy ) =0,+0,
= Arg(zl)+ Arg(zz)
Hence proved.

(i) Arg( j: Arg(z,)- Arg(z,)

Solution:
Let

z, =1 (cos6, +isiné,)

2

Z,

z, =1,(cosb, +isind,), then
Then Arg(z)=6,and Arg(z,)=6,

Now j_;: %[cos(ﬁl ~,)+isin(6,-6,)]
= Arg[ﬂjz 6,-0,= Arg(zl)—ArZ(Zz)
Zy

Hence proved.
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Q.7 Divide z =6(cos150°+isin150°)
z,=3(cos30°+isin30°) and express in

x+iy form. 11301063

Solution:
Given that:

z,=6(cos150° +isin150°)
z, =3(c0s30°+isin30°)
Here, 1, =6,0, =150°,r, =3,0, =30°

Now, 2L = ﬁ[005(491 —0,)+isin(6,-6,)]
6

2
= g[cos(ISOO ~30°)+isin(150°~30°) |
= 2[005120° + isin120°]
=2 cos(90° +30°) +isin(90° +30°) |
=2[—sin30° +icos30°]

=2 —l+i£}
2 2
=2_—1+z\/§}
2

Q.8 Multiply  z =2(cos60°+isin60°)
and z, = 5(cos90°+isin90°) and express
in x+iy form. 11301064

Solution:
Given that:

z, =2(c0s60° +isin 60°)

z, =5(c0s90° +isin90°)

Here, 1, =2,6,=60°,r, =5,0, =90°

Now, z,z, =77 cos(6, +6,)+isin(6,+6,) |
=(2)(5)[ cos(60°+90°)+isin(60°+90°) |
=10[ cos150° +isin150°]

( MATHEMATICS - 11

=10[ cos(180°—30°)+isin(180°—30°) ]
= 10[—cos30° + isin30°]

ﬂO_—?H(%ﬂ
:10:— ;+:}

:5(—J§+i)
= =53 +5i

Q.9 Find the modulus and argument of
z=—2—21% 11301065

Solution:
Given that:
z=-2-2i

= x =2 =2

Then, z|=«/x2+y2
=(-2) +(-2)
=4+4

- J8=2{2
" both x and y are negative.
=, 0 lies in 3" quadrant.

—@=r+tan" |2
X
A —2‘
=r+tan |—
-2
=7 +tan”' |1
=7z+tan_1(1)
T
=7+—
A+ Sxw Y4
= =— or =—+2nr
4 4 4

Q.10 Write the equationarg(z —2+z’)=2?7Z

in Cartesian form, if z=x+iy. 11301066
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Solution:
Given that:
zZ=x+1iy
_ N 27
arg(z—2+z)=?
N 27
:>arg( ly—2+z)=?
= arg(x - zy—2+1):2?7[
= arg(x - 2+i—zy):2?ﬂ
:arg{(x—2)+i(l—y)}:2?ﬂ
:tanl(l_y):z—ﬂ
x=2 3
—tan!| 2
arg(z)=tan (xj
:>1_y=tan2—ﬂ
x=2 3
:l_yztan(ﬂ—zj
x=2 3
120 fa®
x=2
SN
x=2

=1-y=—3(x-2)
:>l—y=—\/?_)x+2\/§
:>1+\/§x—2\/§=y
:>y:1+\/§x—2\/§
:>y=x/§x—2\/§+1

Q11 If z= x+zyandarg( om

z—1+2i

12J 4

show that x°+)” —4x+2y—5=0.11301067
Solution:
Given that: z=x+iyand

[E—1+2i or
arg| ————

z+1—2ij=T

H

( MATHEMATICS - 11

x+iy—1+2i

O
= arg =—
xX+iy+1-2i 4
= arg x—zﬁy—l+2zh
x—iy+1-2i
x—1+2i-iy | 97
x+1-2i-iy 4

_']4

)
)
-¥),
)

9z

4

(x+1)+z(2+y
(x+1)+l(2+y

) |97

)) 4
-1) 2+y)+ (2 y)(x+1)+t (4 y )]_
(x+1)7 )2+y

x271+i(2x+xy—2—y)+1 2x+2—xy— y) ( 1)(4y2)]

o

4

(i
(
-

n\g

»\g’;

= arg

[
4

= tan”

(x+1) )(2+y)
b4 X —14i(2x+xp—2— y+2x+2-xp-y) -4+’ _
(x+1)2+(2+y)2
. o X =1+i(2x—y+2x-y)—4+)° _9r
(x+1)2+(y+2)2 4
— ar} xz—lJri(4x—2y)—4+y2 :9_7z
(x+l)2+(y+2)2 4
(x2+y2—5)+i(4x—2y) or
(x+1]+(y+2) | 4
:arg{(xflz)jf(z;fZ)z+i(x+1‘;f;(2;}+2)2]=
4x-2y
(x+1)2+(y+2)2 9z
x*+y* =5 4
(x+1)2+(y+2)2
— tan”' | £
arg(z)=tan [xj
4x-2y |
X’ +y' =5

9
4

= tan™' (



4x—-2y Or
3 3 =tan—
X" +y -5 4
4x-2

2x zy :tan(2ﬂ+—j
X +y =5

:lx—22y =tan£
X" +y =5 4
4x-2y

2 2 =1

X +y =5

=4x-2y=x"+y"-5
=0=x"+)"—5-4x+2y

=X +) —4x+2y-5=0

Hence proved.

Q.12 If z=x+iy and arg(z—2-3i)—
arg(z+2+3i)=2x, show that 2y =3x.

Solution:
Given that:
z=x+iy

arg(z—2-3i)— arg(z+2+3i)=27

11301068

= arg(x+iy—2-3i)—arg(x+iy+2+3i)=27

:>arg[(x—2)+i(y—3)]
—arg[(x+2 +i y+3 ]=27r

= tan”' ‘a §) n’' ba. Y
x—2 x+2
Ay
vrarg(z)=tan'| =
e(2) (j
-3 y+3
= tan' x=2 x+2 =27

“( &

‘rtan”' A—tan"' B=tan"' (

A-B
1+ 4B

( MATHEMATICS - 11

_(y—3)(x+2)—(y+3)(x—2)
(x-2)(x+2)
(x—2)(x+2)+(y—3)(y+3)

(x-2)(x+2)

= tan”’ =2z

3xy+2y—3x—6—(xy—2y+3x—6):0
=>xy+2y—3x—6—xy+2y—-3x+6=0
=4y-6x=0

=4y==6x

= 2y=3x

Hence proved.

Q.13 Solve the equation |z—2i|=[z+2]
for z=x+iy. 11301069

Solution:
Given that:

|z—2i|=|z+2]

:>|x+iy—2i| :‘x+iy+ 2‘
vz=x4i0y

:>|x+z’y—2i|=|x—iy+ 2|

:>‘x+i(y—2)‘ = ‘(x+ 2)—z'y‘

= ¥ +(y=2) =\(x+2) +(~»)

= x2+(y—2)2 =\/(x+2)2+y2

Squaring on both sides, we get

x’ +(y—2)2

=(x+2)2 +°
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=X+ —4y+4=x"+4x+4+)°
=>X+y —dy+4-x"—4x—-4-y>=0
=—-4y—-4x=0

= -4y=4x

=>y=—x

Q.14 For z=x+iy, solve the equation
|5z+4+i|=[52-3+2i|.
Solution:

Given that:
|5z+4+i|=|52 —3+2i

11301070

:>‘5(x+iy)+4+i‘ = ‘5()?1)/)—3+2i‘
z=Xx+10y
:>|5x+5iy+4+i| = ‘5(x—iy)—3+2i‘
= [5x+4+5iy+i| = |5x—5iy—3+2il
= |(5x+4)+i(5y+1)|=|(5x—3)+i(2-5y),
= \(5x+4) +(5y+1)’ =4(5x-3)" +(2-5y)’
Squaring on both sides, we get
(5x+4) +(5y+1) =(5x=3) +(2-5y)
= 25x" +40x+16+25y> +10y+1
=25x" =30x+9+4-20y+25)°

= 25x" +40x+16+25y" +10y+1

—25x% +30x—9—4+20y—25)*=0
= 70x+30y+4=0
=30y=-70x—-4

70 4

> y=——x——

30 30

1,2

SENEE
Q.15 Determine the set of points
z=x+iy that satisfy the equation

3z -2+i|=3z+1]. 11301071

Solution:
Given that:

( MATHEMATICS - 11

3z —2+i|=[3z+1]

:>‘3(x+—iy)—2+i‘=‘3(x+iy)+i‘
VZ=Xx+1y

:>‘3(x—iy)—2+i‘ =‘3(x+iy)+i‘

= [3x—2+i-3iy|=3x+3iy+i|

= [3x—2+i-3iy|=3x+3iy+1]

= |(3x=2)+i(1-3y) =[3x+i(3y+1)|

= Bx—=2) +(1=3p) = (3x) +(3v+1)
Squaring on both sides, we get
(3x=2)" +(1-3p)’ =(3x)" +(3y+1)’

=9x" —12x+4+1-6y+9y" =9x’ +9)” + 6y +1
=9x" ~12x+4+1-6y+9)° —9x* —9)° —6y—1=0
=-12x+4-6y—-6y=0
=-12x-12y+4=0

=-12y=12x-4

R ¥ .
T2y,
= y= x4+

Q.16 If z=x+iyandw= l_lZ' show that
zZ—1

[w|=1= zis real. 11301072

Solution:
Given that: z=x+1iy

1-iz

w= -
zZ—1

1—i(x+iy)
x+iy—i

> w=
_l—ix—izy
x+iy—i

1-ix—(-1)y
x+iy—i
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Cl—ix+y

X+iy—i

3 (l+y)—ix

- x+i(y—1)
Taking modulus on both sides, we get
I+y)-ix
=l

:>\/(l+y)2+x2 z\/x2+(y—1)2
Squaring on both sides, we get
(1+y)2+)c2 :x2+(y—1)2

=S1+2y+ 1+ =x"+ )y —2y+1
=1+2y+y"+ X —x" =y’ +2y—-1=0
=4y=0

=y=0

=1Im(z)=0

= zis real.

Hence proved.

Q.17 If z andz,are different complex

Zy T4
—— .11301073

numbers with |z,|=1, find
l1-zz,

Solution:

( MATHEMATICS - 11

ZZ_Zl|..

|2l=[]

l—lez‘

|
I
N
+
N
[\ ]
Il
N
+
N
(3]

Q.18 An AC source supplies a voltage
of Vzlzo(cos%ﬂsin%j volts to a

circuit with impedance Z = 1+;\/§ ohms.

Calculate the current in polar form.
11301074

Solution:

Given that:

V:l20(cos£+isinzj
4 4

_1+z\/§
2

and Z
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By ohms law [ = g

So, we have to convert z in polar form.

1+iV3
Zz =
2
:lJr£ VZ=Xx+iy
2 2
N
2 2

. both xand y are positive.
- O lies in 1% quadrant.

:>9=tan"'(lj
X
NG}
= tan™’ %
2
—tan"'(3)=2
an”'(+/3) S

Thus, polar form of z is

T .. T
z=1| cos—+isin—
( 3 3j

Sl =—
Z

120 cos£+isin£
4 4

T .. T
1| cos—+isin—
( 3 3)

‘7/\
- L{MATHEMATICS - 11

=120| cos 3 =4 +isin 3 -4z
i 12 12
=120| cos _z +1isin _
i 12 12

~120| cos = - isinl}
12 12

- cos(—6) = cosd andsin(—6 ) =—sin6

Q.19 An AC circuit has a impedance of

Z=3-6i ohms and is connected to a

voltage source of 1 =90+30/ volts.

Find the current in both rectangular

and polar form. 11301075

Solution:

Given that V' =90+ 30i

and Z =3-6i

By ohms law [ = e
z
90+30i _30(3+i)
©3-6i 3(1-2i)
_10(3+i) 1+2i
1-2i  1+2i
10(3+6i+i+2i%)
12— (2i)
10(3+7i+2(-1))
1-47
10(3+7i-2)
C1-4(-1)
10(1+7i)
144
_10(1+7i)
-5
=2(1+7i)=2+14i
In polar form




<
[
e
Z
e)

= Uniaue NoTES o usnemarics -1
=>x=2,y=14 6—3i_6—3ix2+i
e /x2+y2 2—i  2-i 2+i
— 12+ 6i— 6i—3i’
=22 +14 =g
=J4+196 12-3(-1)
=200 = 10V2 ~4—(-1)
. both xand y are positive 1243
~. 0 lies in 1% quadrant. T a1
zeztan‘l(lj 25:3
x 5
14 3
:tanl(—J 0731 3 i0=c
2 2—i
=tan"'(7)=281.87° Now,

30-15i _30-15i 2+i
2- 1 QNP 247
~ 60+30i—30i—15/°

Thus, polar form is:
=102 (cos81.87° +isin81.87°)

Q.20 Encrypt the word “CODE” by

22 _l-2
multiplying the complex encryption key 60—15(~1)
k=2-i. Then decrypt it back to the = m
original word. 11301076

. 60+15
Solution: —
We assign each alphabet a numerical value
75
as follows. =—=15
A=1,B=2,C=3,.,2=26 2
.. 30-15i :
C =3=3+0iis encrypted as - =15+i0=0
. . . _l
ka=(2—1)(3+01)=6—3z Also,
O =15=15+0i1s encrypted as: 8—4i 8—4i 2+i
kx O=(2—i)(15+0i)=30-15i 21 2-i 2+
D =4=4+0iis encrypted as: _16+8i—8i—4i’
kxD=(2-i)(4+0i)=8—4i 22—’
E =5=5+0iis encrypted as: _ 16—4(—1)
kx E=(2-1)(5+0i)=10-5i 4-(-1)
In order to decrypt the original word i.e. _ 16+4
CODE, we have to divide the above complex ;)H
numbers by k as follows: - 5 =4

“



<
[
3 e
Z
e)
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T . . )
8-4i 4. .0-D _ 153+153i-153i-153i
2—i 99
10—5i_10—5ix2+i 153_153(_1)
2-i  2-i 2+ BEEEE
. . .2
22_1-2 :—9+9
20-5(-1) 306
T N =—=17=17+i0=
4-(-1) 18 Q
20+5 63-63i _63-63i 3+3i
441 3-3i 3-3i  3+3i
—E—S _189+1891‘—1891‘—1891’2
5 9-9i°
10—§z _s. il _ 189-189(~1)
—i 9-9(-1)
Q.21 Consider the complex encryption 1894189
key k =3-3i. Encrypt the word “QUIZ”, T 9.9
and then recover the original word using

inverse of the key. 11301077

Solution:

We assign each alphabet a numerical value
as follows.
A=1,B=2,C=3,..Z=26
Q=17=17+0i s encrypted as:
kxQ=(3-3i)(1740i)=51-51i
U =21=21+0iis encrypted as:
kxU =(3-3i)(21+0i)=63-63i
1 =9=9+0i1s encrypted as:
kx1=(3-3i)(9+0i)=27-27i
z=26=26+0i is encrypted as:
kxZ =(3-3i)(26+0i)=78—78i

In order to decrypt the original word 1i.e.
“QUIZ”, we have to divide the above
complex numbers by k as follows:

51-51i 51—511’>< 3+3i

3-3i 3-3i 343

:3—788:21:21+i‘0=U

27-27i _27-27i 3+3i

3-3i  3+3i
_ 81+81i—81i—81
- 9-9;’

_ 81-81(-1)
~9-9(-1)
81481

949
162
==
78-78i _78-78i 3+3i

3-3i

9=9+i0=1

3-3i  3-3i 3+3i
| 234+234i - 234i - 2341
- 9-9;’
_ 234-234(-1)
©9-9(-1)
| 234+234
T 949
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=ﬂ=26=26+i.0=2
18

Q.22 Encrypt the word “CLASS” by
adding the complex encryption key
k=-3+4i. Then decrypt it back to the
original word. 11301078
Solution:
We assign each alphabet a numerical value
as follows:
A=1,B=2,C=3,..,Z=26
C =3=3+0iis encrypted as:
k+C=(-3+4i)+(3+0i)=0+4i
L =12=12+0iis encrypted as:
k+L=(-3+4i)+(12+0i)=9+4i
A=1=1+0iis encrypted as:
k+A=(-3+4i)+(1+0i)=—2+4i

S =19=19+0iis encrypted as:
k+S=(-3+4i)+(19+0i)=16+4i
S§=19=19+0iis encrypted as:
k+S=(-3+4i)+(19+0i)=16+4i

In order to decrypt the original word i.e.
CLASS, we have to subtract k form the
above complex numbers as follows:

0+4i—(-3+4i)=0+4i+3—-4i=3+i0=C
9+4i—(-3+4i)=9+4i+3-4i=12+i0=L
—2+4i—(3+4i)=-2+4i+3-4i=1+i0=4
16+4i—(=3+4i)=16+4i+3-4i=19+i0=S
16+4i—(—3+4i)=16+4i+3-4i=19+i0=5

ADDITIONAL MCQS

Complex numbers

1. A number of the form
z=a+ib,a,be R and i:\/:, is
called a ... number. 11301079
(a) Complex (b) Rational
(c) Irrational (d) Natural

( MATHEMATICS - 11

2. Every real number is also a
complex number with ... imaginary

part: 11301080
(2) 1 (b) O
(c)-1 (d) imaginary

3. The set which don’t satisfy order
properties is ... 11301081
(a) N

c) C

inar

4. If z=a+ib, its real and imaginary

parts are respectively: 11301082
(a) aandb (b) —aandb
(c) aand-b (d) —aand-b
ZZ
5. TN 11301083
(a) z (b) z
(c) =Re(Z) (d) Re(z)
6. Z;Z _ 11301084
l
(a) Re(z) (b) Im(Z2)
(c) Re(Z) (d) Im(z)
7. Real part of Lis: 11301085
1+
| 1
- b) ——
(a) 2 (b) 5
i i
4 d) - =
© 7 (d) =3
8. Imaginary part of %is: 11301086
+1i
| 1
Z b) ——
(a) i (b) 5
I i
Z d) —=
(c) 5 (d) 5

Conjugate of Complex Numbers

9. If z =x+iythen its conjugate is:
11301087

(a) x+iy (b) —x—iy

“
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(c) —x+iy (d) x—iy

10. z is called self-conjugate if: 11301088
(a) z#z (b) z=i
() z=z (d) z=-Z2

11. z — Zis: 11301089
(a) Real number (b) Imaginary number
©0 (d)1

12.The product of two conjugate

complex numbers is: 11301090
(a) Always >0
(b) Always <0
(c) either >00or<0
(d) Always =0

13. z+ Z is: 11301091
(a) Real number (b) Imaginary number
(c) 2z (d) None

14.1f a complex number x+iy lies in 1%
quadrant, then its conjugate lies in

... quadrant: 11301092
(a) lst (b) 2nd
(C) 3rd (d) 4th

15.1f a complex number x+iy lies in
2" quadrant, then its conjugate lies

in ... quadrant: 11301093
(a) lst (b) 2nd
(C) 3rd (d) 4th

16. z-Z is: 11301094
(a) |2| (b) —|7|
© 21 ) —|=[

17.1f z;, and z, are any two complex

numbers then: 11301095

a) z,+z =;iz_
1 2 1 2

(b) z-2,=z-2z,

ot}
z, | z,

(d) all of these

( MATHEMATICS - 11

11301097

11301098

21.1If k is any real number, then

k(a+ib)=... 11301099
(a) ka+ib (b) ka+ ikb
(©) a+ikb () a+ib

Complex Numbers as Ordered Pairs
of Real Numbers

22. (a,b)+(c,d)=..
(a) (a+b,c+d) (b) (a—c,b—d)
(©) (a+d,b+c) (d) (a+c,b+d)

23.(a,b)—(c,d):...
(a) (a+b,c+d) (b) (a—c,b—d)
(c) (a+d,b+c) (d) (a+c,b+d)

24. (a.b)(c.d)=..
(a) (ac—bd,ad+bc)
(b) (ac+bd,ad—ac)

11301100

11301101

11301102
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() (ac—bd,ad—bc)
(d) (ac+bd,aa’+bc)

25.(9.,8)(5,—6)=... 11301103
(a) (-93,-14)  (b) (-93,14)
(© (93,-14)  (d) (94,3)

26.If k£ is any real number, then
k(a,b)=... 11301104
(a) (ka,b) (b) (ka,kb)
() (a,kb) (d) (a,b)

Properties of the Fundamental

Operations on Complex Numbers
27. Multiplicative inverse and conjugate

of i is: 11301105
(a) i (b) —i
(©1 (d)-1

28. Additive inverse of (a,b)is: 11301106
(a) (a,—b) (b) (a,b)
(c) (—a,b) (d) (—a,—b)

29. Multiplicative inverse of (a,b) is:

11301107

(a)

a b j
a+b dt+ b’

(b)

a -b j
a+b A+ b’

© |- a b
a+b a+b

a b
d) |- ,—
@ a’+b a2+b2J

30. Additive identity in C is: 11301108
(a) (1,0) (b) (0,0)
() (0,1) (d) (1,1)

31. Multiplicative identity in Cis: 11301109
(a) (1,0) (b) (0,0)
() (0,1) (d) (1,1)

( MATHEMATICS - 11

32.The figure representing one or
more complex numbers on the

complex plane is called... 11301110
(a) Venn diagram
(b) Real plane
(c) Argand diagram
(d) Imaginary plane

33.In an Argand diagram x-axis is
called... 11301111
(a) Complex axis (b) Imaginary axis
(c) Real axis (d) Axis of rotation

34.In an Argand diagram y-axis is
called... 11301112
(a) Complex axis (b) imaginary axis
(c) real axis (d) axis of rotation
35.In an Argand diagram the points on

the x-axis represent ... numbers.
11301113

(a) real (b) imaginary
(c) complex (d) none of these
36.In an Argand diagram the points on

the y-axis represent ... numbers.
11301114

(a) real (b) imaginary
(c) complex (d) none of these

Modulus of a complex number]

37.The modulus of a complex number

is the distance from: 11301115
(a) x-axis (b) y-axis
(©) (x,») (d) origin

38.If z=x+iy then |z|is: 11301116
(a) x*—’ (b) \x*+
(©) x* =y (d) x*+y°

39. Modulus of complex number 3-4i
is: 11301117
(a)4 (b)5
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(c)-5 (d) 3—4i

40.If z, and z, are any two complex
numbers then:
(a) |Z1 izz| = |Zl|i|Zz|
(b) |z,2,| =z |z

|z]|

11301118

A=Al

(c) =
|Zz|

(d) all of these
41. Triangle inequality is:
(a) |Z1 +Zz|< |Z]|+|Zz|

Z2
11301119

(b) |Z1+Zz|§|zl|+|zz|
(c) |Zl+22|>|Zl|+|Zz|

(d) |zl+zz|2|zl|+|z2|

Powers of i

42.1f » is an even integer, then " =...

11301120
(a) i (b) —i
(c) £1 (d) +i
43.1f n is an odd integer, then " =...
11301121
(a) i (b) =i
(c) £1 (d) i
44.1f n is an integral multiple of 4, then
i"=.. 11301122
(a) i (b) —i
(¢ 1 (d)-1
45.(0,1)4=... 11301123
(a) i (b) —i
(01 (d)-1
46.i"'=? 11301124
(a) i (b) —i
(c) i (d) both (b) and (c)
47.(—1)%=? 11301125
(a) -1 (b) 1
(c) i (d) —i

( MATHEMATICS - 11

48.(0,1)(0,1)="? 11301126
@) (0,1) (b) (0.-1)
© (1,0) (d) (~1,0)

49. "+ +i"%+i7 = 11301127
(a) 1 (b) -1
© 0 d) 1+i

Equality of Two Complex Numbers

50. a+ib=c+id < ... 11301128
(@) a=candb=d (b) a=bandc=d
(c) a=dandb=c(d) a=—candb=-d

S51.1f x— y+2xyi =7-24i, then... 11301129
(@) x=3,y=—4 (b) x=-3,y=—4
(c) x=-3,y=4 (d) x=3,y=4

52.1f 2x+3yi=1+4i’, then ... 11301130

3 3
a) x=—,y=0 (b) x=—=,y=0
‘=5 (b) >

3 3
C :0, = d :05 ==
(c) x=0,y 5 (d) x=0,y 5

Square Root of a Complex Number

53.The square root of a complex
number is another complex number
that, when..., gives the original

complex number. 11301131
(a) added (b) subtracted
(c) squared (d) all of these
54,z =... 11301132

(a) + |z|+x il |z|—x

2 IV 2
0 - Hox .y [Hes

2 IV 2
o Hrx .y [H=x

2 IV 2

(d) None of these
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55. J5+12i =

(@) £(-3+2i)  (b) +(-3-2i)
(c) £(3-2i) (d) +(3+2i)
56.Real part of Jx+iy =...

@ + “z|—x (b) + /|z|+x
() + / l ,_
[yl |yl

11301133

11301134

57.Real part of \/5+121 = 11301135
(a) t4 (b) £3
(c) £5 (d) £12

58.Imaginary part of \/x+iy =... 11301136

|Z|—x |Z|+x
@ HE o) T

y |Z|—X y |Z|+X
@ + 2 BT @ 22 A
V2 V2
59.Imaginary part of «/5+12i =...11301137
(a) +5 (b) £12
(c) 3 (d) 2

Complex Polynomials as a Product
of Linear Factors

60. Factorization of o’ +5° in complex
number system is ... 11301138

(a) (a+ib)(a—ib)
(b) (a+b)(a—b)

(c) (a+ib)(a—b)
(d) (a+b)(a—ib)
61. 2" —2iz—1=... 11301139
(a) (z+i)(z+i) (b) (z—i)(z+i)
(c) (z—i)(z—i) (d) (z+i)(z—i)
62.z'—16=... 11301140
(a) (z+4)(z+4)

( MATHEMATICS - 11

(b) (z—2i)(z+2i)
(©) (z+4i)(z—4i)
(d) (Z+2i)(z—2i)(z+2)(z—2)

The three cube roots of unit

63.The sum and the product of three

cube roots of unity are respectively.
11301141
()0 &1 (b) 1 &-1
(c)1&0 (d-1&1
64. The three cube roots of 27 are ...
11301142

(a) =3,—3w,~3w> (b) 3,3w,30°
(c) -L,—w,—~@> (@) l,o,0

65.If » is an integral multiple of 3,

then 0" = 11301143
(a) i (b) —i
(o)1 (d)-1
66. The three cube roots of —27 are ...
11301144
(a) —3,-3w,—3w> (b) 3,30,30"
(c) -l,—w,—@*> () Lo,
67. The three cube roots of unity are ...
11301145
—1+i\3 —1-i\3
(@ 1, ,
2 2
®) 1,1+;\/?_>’1—1«/?_>
© -1, 1—|—2 i3 - —z\/_
(d) 1, l+l«/_ 1- z\/_
2 2

68. The product of the three cube roots
of a number is equal to ... 11301146
(a) reciprocal of the same number
(b) square of the same number
(c) the same number
(d) additive inverse of the same number
69. The complex cube roots of unity are
.. of each other. 11301147
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(a) square (b) conjugate

¢) inverse d) all of these
70. The four fourth roots of unity are.
11301148
(a) £1,+@ (b) £1,+i

(c) £2,+2i (d) £2,12w

Properties of four Fourth Roots o
Unit

71.The sum of the four 4™ roots of

unity is equal to ... 11301149
()1 (b) -1
(©)0 (d) none of these

72.The product of the four fourth root
of a number, is equal to ... 11301150
(a) reciprocal of the same number
(b) square of the same number
(c) the same number
(d) additive inverse of the same

73.The product of the four fourth

roots of 64 is equal to... 11301151
(a) 64 (b) —64
(©0 (d) none of these

74. The sum of the four fourth roots of

64 is equal to... 11301152
(a) 64 (b) —64

)0 d) none of these
Polar coordinate system

75.In polar coordinate system the
location of a point P can be
described by the polar
coordinate..., where rand @ are

real numbers. 11301153
@ (%) () (1:%)
(©) (r.0) () (0.r)

76.In polar coordinate system r is
typically ... 11301154
(a) r<0 b)r=0
(c) r<0 (d)r=0

77.When the angle 6 is the measure of
an angle in standard position whose

( MATHEMATICS - 11

terminal side lies along the line
connecting the origin to the point P,

measured from the polar axis...
11301155

(a)r<0 (b)y r>0
(c)r<0 (dr=0

78. When the angle 0 is the measure of
an angle is standard position whose
terminal side lies along the line
connecting the origin to the point Q
but the point Q is located || units in

the opposite direction from the

polar axis... 11301156
(a)r<0 (b) r>0
(c) r<0 (d)r=0

The Polar Form of a Complex Numbe

79. Polar form of z is: 11301157
(a) r(cos@—isinb)

(b) r(cos@+isind)
(c) r(sin@—icosO)
(d) r(sin€+icosd)

80. Polar form of 1+i\/§ is:
(a) 2(cos60°—isin60°)
(b) 2(cos60°+isin60°)
(¢) (2c0s30° —isin30°)
(d) 2(cos30°+isin30°)

81. Polar form of /3 +i is:

11301158

11301159
T .. T
(a) 2| cos—+isin—
6 6

(b) 2 cosz—sinzj
6 6

(c) 2 cos£+isin£j
3 3

) 2

T .. T
COS— —isin—
3 3
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82.-1 in polar form can be written as:
11301160

.. T .. T
(a) cosz+isinz (b) cosz+zsm5

. . .T . T
(c) sinz+icosz (d) sin—+icos—

Operations on Complex Numbers in
Polar Form
83.1f z, = ;[ cosf, +isiné,]| and

z, =n[cosb, +isind, |, then 4Arg(z-z,)=..
11301161
(a) 6,+6,
© 6,-0,

(b) 6,-6,
(d) 0,0,

84.1f z = 9(cos%+isin%j and

z,= 5(cos§+zsm 3 j then Arg(zz,)=.

11301162

197

()_ 177

Ry

()19—” ()”—”

85.1f z, = 5[ cosf, +zs1n6?1] and

o _d Z
z, = 1| cosB, +isinb, |, then Arg (z—ljz
2
11301163

(a) 6,+6, (b) z—l

2

(C) 6%'_6% (d) 6%'6%

86.1f z, = 9(c0s57ﬂ+isin57”jand

= 5(cos—+ isin— j then Arg | -
3 3 z,

11301164

@ =

<>M

ORte

(d) E

©
) ~

( MATHEMATICS - 11

87.1f |z|:7,Arg(z):213—2ﬂ, then z=...
11301165
(a) 7| cos——+isi 237
12
(b) 7 cos—ﬂ—ismB—E
2 12
(c) 7| —cos 23”+zsin 23”)
12 12
(d) 7| —cos 23”—isin 23”)
12 12
88.1If |Z|:11,Arg(z):—% then z=...
i 11301166
(a) 11| cos \ +isin iz
12 12
(b) 11} cos 1z —1isi 'd
i 12 1
(c) 11| —cos " —isin L
i 12 1

(d) Both (a) and (b)
89. 2cos(—33°)+ 2isin(-33°) =.

() 2{cos(33° —isin 33°)}
(b) Z{COS( 33°)+isin(—33° )}
(c) —2{cos(33°)—isin(33°)}
(d) Both (a) and (b)

90.If z = 6(cos150° +isin150°) and

11301167

z,=3(cos30°+isin30°) , then ==
;;301168

(a) %[cosl20°+isin120°]

(b) 2[ cos180° +isin180°]

(c) 2[cos120° +isin120°]

(d) %[ cos180° + isin1800]



Additional Short Questions
Complex Numbers

1.
2.
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Define complex number. 11301169

i. ) .
into real and imaginary

4-5i
parts (write as a simple complex

number).
(—2+3i )2

1—i
imaginary parts (write as a simple
complex number). 11301171

Separate

11301170

Separate into real and

A . : :

Separate 1% into real and imaginary
—1i

parts (write as a simple complex

number). 11301172

For ze C, show that z+Z =2Re(z).
11301173

For ze C, show that z—Z = 2/Im(z).
11301174

If z,=2-3iand z, =1+«i, find the

value of « such that Im(zlzz) =7.

11301175
Define the conjugate of a complex
number. 11301176
If z, =2+4i,z, =3+2i,z, =1+3i then
Z7,
VA

in form of a+ib.

express 11301177

2

Operations on Complex Numbers

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22,

Show that Vz,z,e C, z,+z,=z +2z,.
11301178
Find the sum of the complex numbers
7+9iand 3-5i. 11301179
Find the difference of the complex
numbers 7+9i and 3-5i. 11301180
Find the product of the complex numbers
7+9iand 3—5i. 11301181
Find the product of the complex numbers

(8,9)and (5,6). 11301182
If z,=(4,2) and z, =(3,1), then find

11301183

Find the multiplicative inverse of (4,7).

11301184
Find the multiplicative inverse of

(V2.45).

Find the multiplicative invers of (—1,0).
11301186
Define Argand Diagram. 11301187

Define modulus of a complex number.
11301188

11301185

(1+2i)’ _
-, then evaluate |Z|.11301189
241

For ze C, show that |z|=~/z- Z . 11301190

If z=
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23.1If z,=2+7i and z, =5+3i, then

11301191

evaluate |2z, —4z,|.

[\
F°N

. If z, =2-7i, then evaluate ‘321 + 2;1‘
11301192
.If z, =5+3i, then evaluate ‘—722 +2z,.

N
9]

11301193
Jf z,=2+7i and z, =5+3i, then

[\®]
=)

3
evaluate ‘(z1 +2,) ‘ 11301194

Show that: " +i"™" + " +i"" = 0 for all
ne N. 11301195

Equality of Two Complex Number;

28. Define equality of two complex numbers.
11301196

If z,=13+24iand z, = x+iy, find the
values of x and y such that
z,—z,==27+15i .

. Find the values of x and y such that
—2-5i

(1+i)3 '
Square Root of Complex Number

31. Define square root of a complex number.
11301199
32.Find the square root of a complex

number 5—12i. 11301200
33. Find the square root of —7 + 24i . 11301201
34. Find the square root of 8+6i. 11301202
Complex Polynomials as a product
of linear factors
35. Define zeros of a polynomial function.

27.

29.

11301197

(O3]
=]

x+iy= 11301198

11301203
36. Factorize the polynomial
P(z)=z2"+(i+3)z+3i. 11301204
37. Factorize the polynomial
P(z)=z"-iz+12. 11301205
38. Factorize the polynomial
P(z)=2"+(1-i)z*—iz 11301206
39. State the rational root theorem. 11301207

( MATHEMATICS - 11

40. Factorize a* +b*. 11301208
41. Factorize 254 +16b°. 11301209
42. Factorize 5x° +5y°. 11301210

. Factorize the polynomial z’ —8 into its
linear factors. 11301211

. Factorize the polynomial

2> +2z% +16z+32 into its linear factors.
11301212

. Factorize the polynomial z*—1into its
linear factors.

11301213

46. Solve the equation z°—6z=-25, by
completing  square method and hence
express it as a product of its linear
factors. 11301214

47. Solve the equation z*—16=0.
48. Solve the equations z° —z° +z—1=0.
11301216
Properties of Cube Roots of Unity
49. Find the three cube roots of unity.
11301217
Prove that the sum of the three cube roots
of unity is zero. 11301218
Prove that the product of the three cube
roots of unity is 1. 11301219

11301215

50.

51.

52. Prove that the complex cube roots of
unity are square of each other. 11301220
53. Find the three cube roots of —1. 11301221

54. Find the four fourth roots of unity.
11301222
Find the four fourth roots of 16. Also

show that their sum is zero. 11301223

55.

56.1f 1,0, are the cube roots of unity,

show that @ =1where n is a multiple of

3 11301224
' 0 9
57. Evaluate: —1+v-3 i —-1-+-3
2 2
11301225
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4

58.Evaluate Y o’ where @ is an
k=1

imaginary cube root of unity. 11301226

Polar form of a complex number|

59. Define the polar form of a complex

number. 11301227
60. Express the complex numbers J2+iin
polar form: 11301228
I+i .
61. Express the complex numbers - n
—i
polar form. 11301229
62. Convert the complex number
T AL
z:4(cos§+i smgj in the rectangular
form x+iy. 11301230
63. Convert the complex number z where

|Z|=5,A}"Z(Z)=% in the rectangular

form x+1iy. 11301231

64. Find the product of 5(005%+isin%}

and 4(cos£+isin£j. 11301232
3 3
65.1f z, = 9(cos£+isin£jand
3 G
Z,= 5(00s£+isin£} then find 2L .
6 6 z,
11301233

66. Find the modulus and argument of
z=242i. 11301234

ANSWERS KEY

1. A number of the form x+iy,x,ye R and

i=+-1,is called a complex number.
2. Real part = Rl Imaginary part = _18
. p Tk ginary p a1

3. Real part = % , Imaginary part = _1?7

11.
12.
13.

14.

15.

16.

17.

18.
19.

20.

21.
23.
24.
25.

26.
28.

29.

( MATHEMATICS - 11

1 ) 1
Real part = —5 Imaginary part = 5
a=>5
For a complex number z=x+iy, the

complex number z=x-iy, is called

conjugate of the complex number z.
17

(-10)

The figure representing one or more
complex numbers on the complex plane
is called an Argand diagram.

For a complex number z=x+iy, the

real number +/x°+3”, is called the

modulus of the complex number z
denoted by |z|i.e. |z|=\/)nyZ.

J5

265

J149

i35

149149

The two complex numbers z =a+ib
and z,=c+id are said to be equal iff

their real and imaginary parts are equal
i.e. atib=c+id< a=c and b=d
x=40and y=9
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3

7
30. x=——,y=—
4 4 4

31. The square root of a complex number is

another complex number that, when
squared, gives the original complex
number.

+(3-2i)

+(3+4i)

+(3+1)

If P(Z) is a polynomial function, the values

32.
33.
34.
35.
of z that satisfy P(z)=0 are called zeros of
the polynomial function P(z) and roots of
the polynomial equation P(z)=0

(Z +i )( z+ 3)

(z—4i)(z+ 3i)

Z( z+ 1)( Z—1 )

If a polynomial P(z) =q-z"-+ an_lz"’1

36.
37.
38.
39.

+a, ,z" % +...+az+ a, has integer

p

q

coefficients, then every rational root

(in the simplest form) satisfies:
(i) p1is a factor of the constant term a, .

(i1) g s a factor of the leading coefficient a, .
40. (a+ib)(a—ib)

41. (5a+i4b)(5a—i4b)

42. 5(x+iy)(x—iy)

60.

61.

62.
63.
64.

65.

66.

( MATHEMATICS - 11

. (2—2)(z+1+i\/§>(z+l—ix/§)
2)(z+4i)(z—4i)
z i)(Z—i)(Z-i—l)(Z—l)

(z-3-4i)(z-3+4i)
.z=X20rz==2i
.z=lorz=4=i

. Lo,o’

. —l—o,~-o’

R A

. 2,—2,2i,-2i

.2

.0

. z=r(cosO+isind), where

r=|z|= x2+y2,9=‘[an_l(Z

X
«/g[coszﬂ'sinZ
4 4

T .. T
1| cos—+isin—
( 2 2)

2423
5i

J

20i
N3 |, 9i
1010

T
22,Z
V2.5
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